% You used set
natation to denote
elements, subsets,
and complements.
Lesann 0213

MawVocabulary
set-buflder notation
interval notation
function
function notation
independent variable
dependent variable
implied domain
piecewise-tefined

function
relevant domain
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Describe subseis
of real numbers,
{dentify and evaluate

functions and state
their domains.

amount of money you put into the machine.

@ Many events that occur in everyday life involve iwo related
quantities. For example, to operate a vending machine, you
insert money and make a selection, The machine gives you
the selected item and any change due. Once your selection
is made, the amount of change you receive depends on the

~

Dascribe Subsels of Real Numbers Real numbers are used to describe quantities such
as money and distance. The set of real numbers R includes the following subsets of numbers,

KeyCon éept Real Numlje'_rs )

Real Numbers {R}
G :

_

) rationals | 0.125, —-;—, % =0.666...
I irrationals | /3 = 1.73208...

Z integers --5,17, =23, 8

W wholes 0,1,2,3...

N naturals 1,2,3,4...

3= x< 16, : ~

{XI

The set of nz:mbers has the given
xsuchthat... propetties. ..

a. {8,9, 10,11, ...}
{x|x=8xec W)

b x<7

¢. all multiples of three

#Practice
1,2,3,4,5,...)

1A.

Panl e Hie

RN I

Describe the set of numbers using set-builder notation.

it il xm

Soginaf e el ol whols py

B, x<-3

1

The set includes all whole numbers greater than or equal to 8.

O R

Unless otherwise stated, you should assume that a given set consists of real numbers.
Therefore, the set includes all real numbers less than 7. {x|x <7, x ¢ R}

The set includes all integers that are multiples of three, {x|x=3nn & Z}

1C.. all multiples of

These and other sets of real numbers can be described using set-builder notation. Set-builder
notation uses the properties of the numbers in the set to define the set.

.




by Tip

< Back You can review
1otation, including unions
intersections of sets, in

son O-1.

ey Tip

ain and Range In this text,
otation for domain and range
Je D = and R =, respectively.

|

:

Interval notation uses inequalities to describe subsets of real numbers. The symbols [ or ] are used
to indicate that an endpoint is included in the interval, while the symbols ( or ) are used to indicate
that an endpoint is not included in the interval. The symbols oo, positive infinity, and —o0, negative
infinity, are used to describe the unboundedness of an interval. An interval is unbounded if it goes
on indefinitely.

a —8<x=s16
iobhox<1l

' c. x<—l16orx>5

?E telentify Functions Recall that a relation is a rule that relates two quantities. Such a rule
== pairs the elements in a set A with efements in a set B. The set A of all inputs is the domain of

axx=h [a b] x=a [a, 00)
a<x<h (a, ) X< a {00, a]
a=x<b [a, b) X>a {a, o0)
a<xsh (a, 0] x< a (—o0, 8)
—%0 < X< 00 (—o0, o)

Write each set of numbers using interval notation.

(—8,16]

(—o0, 11)

(—e0, —16] U (5, o)

‘Practice
CO2h 4=y < -l

2B. a= -3

the relation, and set B contains all outputs or the range.

Relations are commonty represented in four ways.

2CG. x>9%orx < =2

1. Verhally A sentence describes how the 3. Graphically Poinison a

inputs and outputs are related.

The output value is 2 more than the
input value.

2. Numerically A table of values or a set of
ordered pairs relates each input (x-value)
with an output value (y-value). 4. Algebraically An equation relates the

x- and y-coordinates of each ordered pair.

i(0,2), (1, 3), (2, 4), 8, 5))

graph in the coordinate plane
represent the ordered pairs.

o)

Set Ais the domain. 0={1,234

Set B contalns the range, R={5,8, 9}

Y=x+2
A function is a special type of relation.
N
| KeyConcept Function
Words A function 7from set A to set Bis a relation that assigns o Set A Set B
each element x in set A exactiy one element yin set 8.
Symbols The relation from set Ato set Bis a function.

A LA N —
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. . k An alternate definition of a function is a set of ordered pairs in which no two different pairs have
Studyiip the same x-value. Tnterpreted graphically, this means that no two points on the graph of a function
Tabutar Method When a relation in the coordinate plane can lie on the same vertical line, :
ialls the vertical line fest, an

x-vajue has more than one

corresponding y-value, &s . L
shown below. f%_%ﬁyﬁoncept Vertical Line Test
1] Words Model
-2 | -4 Aset of peints in the coordinate plane is the graph
3 —1 of a function if sach possible vertical Tine intersects
the graph in at most one point.
3 4
5 6
S |

‘ Determine whether each relation represents iy as a function of x.
a. The input value x is a student’s ID number, and the output value y is that student’s score
on a physics exam.

Each value of ¥ cannot be assigned to more than one y-value. A student cannot receive twWo
different scores on an exarm. Therefore, the sentence describes iy as a function of x.

SiadyTip c.
Functions with Repeated
y-Values While a function cannot
have more than one y-value
paired with each x-value, a
| function can have one y-vaiue
paired with more than cne
x-value, as shown in Example 3b,
Fach x-value is assigned to exactly A vertical Hine at x = 4 intersects the graph
one y-value. Therefore, the table at more than one point. Therefore, the graph
: represents y as a function of x. does not represent y as a function of x.
i
2 =
| | by’ —2x=5
| l‘ To determine whether this equation represenis i as a function of x, solve the equation for y.
L
‘: | y2—2x=5 Sl cphiiing
| ¥ =54+2x i il

% y=xVh+2x Taie i ds bt ol i

| This equation does not represent yy as a function of x because there will be two corresponding
\‘ y-values, one positive and one negaiive, for any x-value greater than —2.5.

o GuidedPractice
I 3A. The input value x is the area code, and the output value y is a phone number in that
] area code.
| 3B. 3D, 3y + 6x =18
i

-8 | -7

2 3 -

5 | 8 "3X

5 9

9 22
\"-.. - - [N ———
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sonihatd Euler
707-1783)
Swiss mathematician, Euler was
prolific mathematical writer,
Jolishing over 800 papers in his
‘elime. He also infroduced much
“aur modern mathematical
Hation, including the uss of
) for the function 7,

L/

—_—

stutyTip

4ming Functions You can use
ther iatters to name a function
nd its independent variabla.
rexample, £(x) = +/x — 5 and

% = V5 name the same
inGtion,

TT—— /

In function notatien, the symbol f(x) is read f of x and interpreted as the value of the function f at x.
Because f(x) corresponds to the y-value of f for a given x-value, you can write y = f(x).

Related Function

flx) = —6x

Equatien
¥ = —6x

Because it can represent any value in the function’s domain, x is called the independent variable.
Avalue in the range of fis represented by the dependent variable, .

ot

If g (x) = x + 8x ~ 24, find each function value.
a. g(6)
To find g (6), replace x with 6 in g (x) = x% + 8x — 24.
; g(x) =2+ 8x — 24
 g(6) = {6)" + 8i6) — 24
& =36+ 48 - 24
=60

b. g(—dx)

g =x"+8x—24 il
g{—4x) = (=202 + 8(—4x) — 24 bbb Aring g
=16x% — 32x — 24

¢. gBec+4)
g(@)=x"+ 8x—24
g(5c+ &) = (5¢-+ 2% + 8(5c+ 4 - 24
=2502 + 40c + 16 + 40c + 32 — 24
= 25¢% 4 80c + 24

Praciice

1 £6) = -2 find each function value.
x

4A. f(12) 4B. f(6x) 4C. f(—32+ 8)

When you are given a function with an unspecified domain, the implied domain is the set of all
real numbers for which the expression used to define the function is real. In general, you must
exclude values from. the domain of a function that would result in division by zero or taking the
even root of a negative number.

; ! 2+x

§

(o flo=—"""—

i f X —Tx

" When the denominator of __E_i_;i_ is zero, the expression is undefined. Solving x* — 7x = 0,
7%

the excluded values for the domain of this function are x = 0 and x = 7. The domain of this
function is all real numbers exceptx = 0andx=7,or {x | x # 0, x £ 7, x € R}

>l b gt =vI—5

Because the square root of a negative number canmot be real, f — 5 = 0. Therefore, the domain

of g (£} is all real numbers ¢ such that t = 5 or [5, co).
@connectED.mcgraw—mll.cmni 7 @




Real-Worldbink
Robert Pershing Wadlow of Altan,
INinois, was the tallest man
recorded in medical history at 8
feat 11.1 inches. Wadlow weighed
aimost 440 pounds.

Records

1
! | Source: Guinness Beok of World

SidyTip

Relevant Domain A relevant
domain is the part of a domain
that is relavant to a model.
Consider a function in which the
output is a function of length. Itis
unreasonable to have a negative
iength, so the relevant domain is
the set of numbers greater than
or egual to 0.

8 | Lesson 1-1 | Functions

e hx) = —2

! Va2 —9

This function is defined only when %2 — 9 > (. Therefore, the domain of
h(x) is (—eo, —3) U (3, 00).

Praciice

‘State the domain of each function.

i 5x—2 2 | Bx
VOBA f(x) = 2 A BB. h(a) =Ya®—4 6. g{x)y= —2_—
i /@ x4 Tr 412 @ g 2x + 6

-A function that is defined using two or more equations for different intervals of the domain is

~ called a piecewise-defined function.

% e B, Z
HEIGHT The average maximum height of children in inches as a function of their parents’
maximum heights in inches can be modeled by the following piecewise function. Find the
average maximum heights of children whose parents have the given maximum heights. Use
#(x}, where x is the independent variable representing the parents’ height and h(x) is the

dependent variable representing the child’s height.

1.6x — 416 if 63<x< 66
hix) = 3xr—132 if 66=<x=< 68
2x— 66 if x>68
a. h(67)

Because 67 is between 66 and 68, use i{x) = 3x — 132 to find h(67).
h(67) = 3x — 132 B g b G623
=3(67) — 132

=201 —-132 or 69

RIS

According to this model, children whose parents have a maximum height of 67 inches will
attain an average maximum height of 6% inches.

b, h(72)
Because 72 is greater than 68, use h(x) = 2x — 66.
h(72) = 2v — 66 Pursiinn o ¢ 0
= 2(72) —- 66 Sui e S g
=144 — 66 or 78 Ansliig

According to this model, children whose parents have a maximum height of 72 inches will
attain an average maximum height of 78 inches.

tPractice

. SPEED The speed v of a vehicle in milfes per hour can be represented by the following
piecewise function when ¢ is the time in seconds. Find the speed of the vehicle at each
indicated time.

4t i 0=t=<15 . {
60 if 15<t <240
—6f + 1500 if 240 <f <250

v{f) =

i A v(5) B. v(i5) C. v(245)




Write each set of numbers in set-builder and interval

notation, if possible. ‘Franples 1l 2)

/1.x>50 2. x< =13

[ 3 x=<—4 4. (—4,-3,-2,-1,...}
B 8<x<99 6. -31<x <64

7. x<—-19o0rx>21 8. x<0orx=100

9. {—0.25,0,0.25,050,..} 10. x<6lorxz=67
11, < —450rx > 86 12, all multiples of 8

13. all multiples of 5 14, x= 32

Determine whether each relation represents y as a function
of x, oo

15. The input value x is a bank account number and the
output value y is the account balance.

s, 16, The input value x is the year and the output value ¥ is
the day of the week.
18
—50 | 2.11 001 | 423
—40 | 2.14 0.04 | 449
—30 | 2.16 0.04 | 451
—20 | 217 007 | 466
10 | 217 0.08 | 478
0] 218 0.09 | 482
1
\ 19 +=y 20, *=y42
2. 3y +4x =11 22, 4y% + 18 = 96x
23 48y = x 2 2=y—6
25, V 26. V
SN L
= 7N
. Q X O %
L N 7
. - ™ L~
27.

¥ 28.

(TR T T 4T

29. METEORDLOGY The five-day forecast for a city is shown.

iEamnie o

70°F|49°F 75°F|53°F 70°F|51°F 62°F|57°F 65°F|56°F

a. Represent the relation between the day of the week
and the estimated high temperature as a set of
ordered pairs.

b. Is the estimated high temperature a function of the
day of the week? the low temperature? Explain your

reasoning.
Find each function value. if:npe )
30, g(x)=2¢>+18x—14 31 h(y) = -3y —6y+9
a. g{(9) a. h{4)
b, g(3%) b, hi(—2i)
c. g{1+ 5m) c. h(%b +3)
w0l @ -
a f(—6) a. g(—2)
b, f(4f) b. g(5x)
€. f(3 —2a) c. g(8—4b)
34, h(x) =16 — Zﬁ - 3. f(x) = 7 + 5"—:_1
a. h(—3) a. (5)
b. Hi(6x) b. f(—8x)
e. (10 — 2¢) c. f(6y + 4)
36 gm)=3+Vm2—4 37 i(x) = 5Vex?
a g(-2) a. H—4} .
b. g(3m) b. H2x)
c. g(dm—2) c. {7+ n)

38. DIGITAL AUDIO PLAYERS The sales of

digital audio players in millions of ] 1 milfion
dolars for a five-year period can be

modeled using f(f) = 241% — 93¢ + 24 3 milion
78, where ¢ is the year. The actual 3 14 miilion
sales data are shown in the table. 4 74 million
e 5 1 219 millon

a. Find f(1) and £(5).

b. Do you think that the model is more accurate for the
earlier years or the later years? Explain your reasoning.

@EonnectED.mcgféwhilE.éoﬁ Q9




State the domain of each function. :Zuwipi= &

8x + 12 x4 1
39, = e L S 40. =
) ¥2 4+ 50 +4 ) 2 _3x—40
M. gla)=V1+a° 42. h(x)=V6 —x2
Ba 3
43. fla) = ——=—— M, gy =-—=
Vg —1 V- 16
=2 4 6 2
4. f(x)_x+x+l 48. g(x)"-x+3+xw4

47, PHYSICS The period T of a pendulum is the time for one
cycle and can be calculated using the formula

T=2m Vgis’ where £ is the length of the pendulum and

9.8 is the gravitational acceleration due to gravity in
meters per second squared. Is this formula a function
of £7 If so, determme the domain, If not, expiam why

not. (£ i
od T‘W
Find f(—5) and f{12) for each piecewise function. :Euipie &)
—4y+3 if x<3
48. f(x) = —x* if 3=x<8
3?41 if x>8
—5%* if x<«<—6
89, fxy=qx*+x+1 if ~6=x=12
052 —4 #f x>12
2% b+ 4 if x< —4
50. f(x)= 6—x2 if —-d=x<l12
14 if x=12
—-15 if x<-b
51, f(x) = Ve+6 if —B=x<10
2

E+8 if x>10

52. INCOME TAX Federal income tax for a person filing single
in the United States in a recent year can be modeled using
the following function, where x represents income and
T{x) represents total tax. {Exampk i

010x if 0=<x=7285
T(x) = 7825+ 0.45x if 7285 < x =< 31,850
4386.25 + 0.25x if 31,850 <x =77,100

a. Find T{7000), T(10,000), and T(50,000).

b. If a person’s annual income were $7285, what would
his or her income tax be?

10 | Lesson 1-1 | Functions

53. PUBLIC TRANSPORTATIGN The nationwide use of publc
transportation can be modeled using the following
function. The year 1996 is represented by § = 0, and_ P(f)
represents passenger trips in millions. #xampe

035t+76 i 0st=5

b= { 0042 — 061 +116 if 5<t=10

a. Approximately how many passenger trips were there
in 19997 in 20047

b. State the domain of the function.

Use the vertical line test to determine whether each graph
represents a function. Write yes or no. Explain your
reasoning,

54. y 55. y[ T TH

86, YRY; 57. ¥

A
"
Vs

58. TRIATHLON In a triathlon, athletes swim 2.4 miles, then
bike 112 miles, and finally run 26.2 miles. Jesse’s average
rates for each leg of a triathlon are shown in the table,

swim 4 mph
bike 20 mph
run 6 mph

@ Write a piecewise function to describe the distance D
that Jesse has traveled in terms of time ¢, Round ! to
the nearest tenth, if necessary.

h, State the domain of the function.

} ELECTIONS Describe the set of presidential election years
beginning in 1792 in interval notation or in set-builder
notation. Explain your reasoning,.

60. CONCESSIONS The number of students working the
concession stands at a football game can be represented

by f{x) = T where x is the number of tickets sold.
Describe the relevant domain of the function,




51, ATTENDANGE The Chicago Cubs franchise has beenin -
existence since 1874, The total season attendance for
its home games can be modeled by f(x) = 70,050x -
137,400,000, where x represents the year. Describe the
relevant domain of the function. '

32. ACCOUNTING Abusiness’ assets, such as equipment,
wear out or depreciate over time. One way to calculate
depreciation is the straight-line method, using the value
of the estimated life of the asset. Suppose v (f) = 10,440 —
200t describes the value v (f) of a copy machine after
¢ months. Describe the relevant domain of the function.

tind fla), fla + k), and i(aJrh;—_ﬂ“) if it £ 0.

33. f(x)=-5 64 flx) =vx

5. f() = g 86, f(x) = 52—

7. f) =22 —6x+8 68. f(x)= A?}x +6
9. flx) = —a® 0. fx)=x>+9
M. flx) =7x — 3 72, f(x) = 5x2

13 f) =x° 4. f(x) =11

5. MAIL The U.S. Postal Service requires that envelopes have
an aspect ratio (length divided by height) 0of 1.3 to 2.5,
inclusive. The minimum allowable length is 5 inches

and the maximum allowabie length is 11% inches.

o
//
e [
A H
.

|

a. Write the area of the envelope A as a function of length
£if the aspect ratio is 1.8, State the domain of the
function.

b. Write the area of the envelope A as a function of height
h if the aspect ratio is 2.1. State the domain of the
function.

€. Find the area of an envelope with the maximum height
at the maximum agpect ratio.

6. GEOMETRY Consider the circle below with area A and
circumference C.

& Represent the area of the circle as a —
function of its circumference. (,/ \

. A
b. Find A(0.5) and A(4). 5 /

¢. What do you notice about the area as the
circumference increases?

Jetermine whether each equation is a funetion of x. Explain.

7. =y g

78 x=y

£79. ﬁg)f MULTIPLE REPRESENTATIONS In this problem, you will
investigate the range of a function.

a. GRAPHICAL Use a graphing calculator to graph f(x) =
x" for whole-number values of # from 1 to 6, inclusive.

\ b

[—1G, 10] scl: 1 by [—10, 10] scl: 1

b. TABULAR Predict the range of each function based on
the graph, and tabulate each value of # and the
corresponding range.

¢. VERBAL Make a conjecture about the range of f(x)
when n is even,

d. VERBAL Make a conjecture about the range of f(x)
when n is odd.

80. ERROB ANALYSIS Ana and Mason are evaluating-

Jx) == 2 T Ana thinks that the domain of the function
x —

is {(—oc, =) or (1, 1) or (2, oo). Mason thinks that the

domainis {x | x # —2,x # 2, x € R}. Is either of them

correct? Explain.

 WRITING [ MATR Write the domain of
_ -1

FO = Ty e =5

builder notation. Which rotation do you prefer? Explain.

in interval notation and in set~

82. CHALLENGE G(x)isa function for which G(1}=1,G(2) =2,
GB3Y=3,and G{x + 1) = Glx - 2)5{(;:)* 1)+
Find G (6).

! forx = 3.

REASONING Determine whether each statement is frue or false
given a function from set X to set Y. If a statement is false,
rewrite it to make a true statement.

83. Every element in X must be matched with only one
elementin Y.

84. Every element in ¥ must be matched with an element
in X,

85, Two or more elements in X may not be matched with the
same element in Y.

86. Two or more elements in ¥ may not be matched with the
same element in X.

WRITING N MATH Explain how you can identify a function
described as each of the following.

87. averbal description of inputs and outputs
88. aset of ordered pairs

89. a table of values

90. agraph

91. an equation

ﬁ&bnnectED;;ﬁcug.r"aw-hiiI.comﬁ i1 l
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Find the standard deviation of each population of data. .o &2

92. (200, 476, 721, 579, 152, 158}
u3. [5.7,5.7,5.6,5.5,5.3,49,44,4.0,4.0,3.8}
94, {369, 398, 381,392, 406, 413, 376, 454, 420, 385, 402, 446}

95, BASEBALL How many different 9-player teams can be made if there are 3 players who can
only play catcher, 4 players who can only play first base, 6 players who can only pitch, and
14 players who can play in any of the remaining 6 positions? .czeon -4

Find the values for x and y that make each matrix equation true. il

a7, [Sy] :.[27 + Gx]

Yl _|4x -3
‘%'[x]‘[y—zl 10 5y

98.19 11]=[3x+3y 2x+1]

Use any method to solve the system of equations, State whether the system is counsistent,

dependent, independent, or inconsistent. 1hraso -5

99, 2x 4+ 3y =36 100, 5x 4y = 25
dx + 2y =48 10x + 2y =50

101. 7x -+ 8y = 30
7x 4+ 16y = 46

102. BUSINESS A used book store sells 1400 paperback books per week at $2.25 per book. The
owner estimates that he will sell 100 fewer books for each $0.25 increase in price. What price

will maximize the income of the store? (l.esson 63

Use the Venn diagram to find each of the following. [Leauen 03!
103, A’ 104. AUB
105. BN C 106. AN B

107. SAT/ACT A circular cone with a base of radius 5 has
been cut as shown in the figure.

What is the height of the smaller top cone?

8 96 104

A C & E =%
96 96

B 3 D3

108. REVIEW Which function is linear?

F f(x) = % H f(x) = V9 -
G g(x) = J g0 =Vr—1

\.
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109. Louis is flying from Denver to Dallas for a convention.
He can park his car in the Denver airport long-term lot
or in the nearby shuttle parking facility. The long-term
lot costs $1 per hour or any fraction thereof with a
maximum charge of $6 per day. In the shuttle facility,
he has to pay $4 for each day or part of a day. Which
parking lot is less expensive if Louis retums after 2
days and 3 hours?

A shuttle facility

B airport lot

C They will both cost the same.

D cannot be determined with the information given

110, REVIEW Given y = 2.24x + 16.45, which statement best
describes the effect of moving the graph down two units?

F The y-intercept increases.
G The x-intercept remains the same.
H The x-intercept increases.

J The y-intercept remains the same.




# You identified ]
functions.

wocabulary
ZEr0s

roots

line symmetry

poini symmeiry

even function

odd function

function vatues and total revenug Rin millions of dollars earned by U.S.
find domains, ranges, companies from Internet advertising from 1999 to
Jintercepts, and 2008 can be approximated by Alt) = 17.7£% —
zeros of functions. 26912 + 1458f — 810,1 < < 10, where t

< Use graphs of @ With more people furning to the Internet for news and
functmns to estimate entertainment, Internet advertising is big business. The

Expiore symmetries
of graphs, and
identify even and odd
functions.

represenis the number of years since 1998.
Graphs of functions like this can help you
visualize relationships between real-world
quantities.

Ve

. Analyzing Function Graphs The graph of a function fis
~ the set of ordered pairs (x, f(x)) such that x is in the domain
of f. In other words, the graph of f is the graph of the

equation y = f(x}. So, the value of the function is the

directed distance y of the graph from the point x on the

x-axis as shown. t

You can use a graph to estimate function values.

INTERNET Consider the graph of function R
shown.

a. Use the graph to estimate total Internet

[22]
(=1
=4
(=]

advertising revenue in 2007. Confirm the
estimate algebraically,

The year 2007 is 9 years after 1998. The
function value at x = 9 appears to be about
$3300 million, so the total Internet advertising
revenue in 2007 was about $3.3 billion.

4000

3000

2000 |-

To confirm this estimate algebraically,

Total Revenue (millions of dollars)

find £(9). ‘ 1000 7
F(9) = 17.7(9)% — 269(9)? + 1458(9) — 910 )

~ 3326.3 million or 3.326 billion T s 4 s 6 7 8 9 0
Therefore, the graphical estimate of $3.3 biilion Years Since 1998

is reasonable,

. Use the graph to estimate the year in which total Internet advertising revenue reached

$2 billion. Confirm the estimate algebraically.

The value of the function appears to reach $2 billion or $2000 million for x-values between
6 and 7. So, the total revenue was nearly $2 billion in 1998 + 6 or 2004 but had exceeded
%2 billion by the end of 1998 + 7 or 2005,

To confirm algebraically, find f(6) and f(7).

F(6) = 17.7¢6)> — 269(6)* + 1458(6) — 910 or about 1977 million

F(7) = 17.7(7)° — 269(7)? + 1458(7) — 910 or about 2186 million

In billions, f(6) = 1.977 billion and f(7} = 2.186 billion. Therefore, the graphical estimate that
total Internet advertising revenue reached $2 billion in 2005 is reasonable.
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iziPractice

20-day period. The value of the stock can be approximated by v(d) = 0.00244 — 0.1142 +

|

' 1. STOCKS An investor assessed the average daily value of a share of a certain stock over a
|

' 1.77d% — 8.6d + 31,0 < 4 < 20, where d represents the day of the assessment.

36

N
30 e N
24 bd ™

12 i

Dolfars Per Share

2 4 6 8 101214 16 18 20
Number of Days

ll A. Use the graph to estimate the value of the stock on the 10th day. Confirm your estimate
algebraically.

B. Use the graph to estimate the days during which the stock was valued at $30 per share.
Confirm your estimate algebraically.

[ ' You can also use a graph to find the domain and range of a function. Unless the graph of a function
is bounded on the left by a circle or a dot, you can assume that the function extends beyond the
edges of the graph.

T i T

Use the graph of f to find the domain and range of the function. . ¥y

! el N 4
TechnelogyTip . f
) ) Domain A 4
Choosing an Appropriate
Window The viewing window of a * The dot at (—8, —10) indicates that the domain of f starts \ {
o ‘ : —8 -4 NO} |f4 | 8x
graph is a picture of the graph for | at and includes —8. ] N [
a specific domain and range. This .« The circle at (—4, 4) indicates that —4 is not part of / ] \ 7!% — A X}?
may not represent the entire i : ! Y=
- . - | the domain. )
graph. Kotice the difference in the : 1
graphs of fx) = x* — 20x° i = The arrow on the right side indicates that the graph [
shown below, will continue without bound.

| :
1 i The domain of fis [-8, —4) U {—4, o). In set-builder
| notation, the domain is {x | -8 = x, x £ —4, x € R}.

Range
i The graph does not extend below f{—8) or —10, but f(x) increases without bound for greater and
i greater values of x. So, the range of fis [—10, o).
[—10, 10} sci: 1 by
10, 10] set: 1 JidleriPractice
Use the graph of g to find the domain and range of each function.
24, ¥ 2B. RY
MR
\/ =W Hy= a0
AN 11
{15, 25] scl. 4 by \ : -8 -4 0] | 47 8x
[--20,000, 20,000] scl: 4000 —4To| [ 4 X 1,
J = 4
i T KN
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P

Study Tip
Labeling Axis on Graphs
When you label an axis on the

" graph, the varizhle letter for the
domain is on the x-axis and the
variable letier for the range is on
the y-axis. Throughout this hook,
there are many different variables
used for both the domain and
range. For consistency, the
horizonta! axis is always x and the
vertical axis is always ¥

A point where a graph intersects or meets the x- or y-axis is called an intercept. An x-intercept of a

graph occurs where y = 0. A y-intercept of a graph occurs where x = 0. The graph of a function can
have 0, 1, or more x-intercepts, but at most one y-intercept.

A

\
1{ algebraically.
|
;? a SR EEEN
3
\ flx) = -—2X3+4
o X

e G

3A.

[/
)Y4
\

\

\
|
Y

Estimate Graphically

It appears that f(x) intersects the y-axis

at approximately (0, 1—31—), so the

, s 1
y-intercept is about 1 3

Use the graph of each function to approximate its y-intercept. Then find the y-intercept

y
o= 1x 5] 1]
J
[#] X
Estimate Graphically

It appears that g (¥) intersects the
y-axis at (0, 4), so the y-intercept is 4.

Solve Algebraically Solve Algebraically
Find £(0). Find g(0).
- IS
(o) = —2(0; +4 or%— g@)=0-5]~1or4
) 4 1 The y-intercept is 4.
The y-intercept is For 13.
e Practice
|1n vl 14 3B. Iy o
- | N )4
- ’ \'\\ 4 //-l/i
] r\ll N \/‘Thlh(x)= x2+6]
A I
" [fx) = %3+ x2— Bx + 4 8 -4 0] [ 47 8x
a T iy
“"4', -2 10 2 4x {
v T

The x-intercepts of the graph of a function are also called the zeros of a function. The solutions of
the corresponding equation are called the roots of the equation. To find the zeros of a function f, set
the function equal to 0 and solve for the independent variable.

]
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EXAIpLC
Use the graph of f(x)

L 24 x-16=0 bl iy e,

L 22 —5)(x+3)=0

2x—5=10 or x+3=0
x=25 x=-3

The zeros of fare —3 and 2.5.

2xZ + x — 15 to approximate its ISEEYAL
zero(s). Then find its zero(s) algebraically. | ]
—-8 ~41]0 41 8x
. Estimate Graphically "iTA' :
! The x-intercepts appear to be at about —3 and 2.5. E 8 ] ;
! By
Solve Algebraically i \ rf(x} — ot K- 15

sdPractice
Use the graph of each function to approximate its zero(s). Then find its zero(s) algebraically.
A RYIND! 4B. yipil
O i .
A ’ !ﬂ(f) = \/4f +1
| TN
L -
‘g 7o) N 4%
«fﬂ_f{x) =3x% - 10x% + 8x /
L | 0o X
¥ !

Symimetry of Graphis Graphs of relations can have two different types of symmetry.

{len Graphs with line symmetry can be folded along a line so that the two halves match exactly.
Graphs that have point symmetry can be rotated 180° with respect to a point and appear
unchanged. The three most common types of symmetry are shown below,

-~ ™ '
HayGoncept Tests for Symmetry
Syrmimetry, Relations, and
Functions Tnere are numerous The graph of a relation s symmetric ¥ Replacing y with —y produces an
relations that have x-axis, y-axis, with respect fo the x-axis if and oxly if (x 1) equivalent equation.
and urlgln‘symmatry. However, the for every point {x, 1) on the graph, the /
only furrction that has all three point {x, —y) is aso on the graph. / :
types of symmetry is the zero [s] ] "
function, f{x) =10. I
The graph of a relation is symmetric ¥ Replacing x with —x produces an
with respect to the y-axis if and only If equivalent equation.
for every paint (x, y) on tha graph, the
point (—x, y) is alse on the graph. (=x 3 -4 (0 3
PN
The graph of a relation is symmetric y Replacing x with —xand ywith —y
with respect to the origin if and only if (x4 produces an equivalent equation. :
for every point (x, ¥) on the graph, the ; i
paint {—x, — ) is aiso on the graph. : 1 :
] x
(—x —¥)
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symmetry It is possibie for a
graph to exhibit more than ¢
type of symmetry.

T

Use the graph of each equation to test for symmetry with respect to the x-axis, y-axis, and the

origin. Support the answer numerically. Then confirm algebraically.

a.

5A.

x—y?=1 M=
Sy =1
Analyze Graphically A \
4 i
The graph appears to be symmetric with respect to the x-axis T
becatise for every point (x, y) on the graph, there is a point O %4, 8 |12 | x
(x, —y). T
I ]

Support Numerically
A table of values supports this conjectuze.

21162 | 6,-=2) | (10,3 | (10,-3)

Confirm Algebraically

Becatise ¥ — (—y)? = 1 is equivalent to x — y? = 1, the graph is symmetric with respect to the
x-axis.

. =4
i ot}
Analyze Graphically JAUY= A
The graph appears io be symmetric with respect to the origin g
because for every point (x, ¥) on the graph, there is a point <3 ol | 4] 8x
(=%, =Y. 1-'{
4
Support Numerically

A table of values supports this conjecture.

-8 —2 05 0.5 2 B
~05 -2 -8 8 2 05
(—8,—05) | (~=2,-2) | (~05—8) | 058 | @2 | @05

Gonfirm Aigebraically

Because (—x)(—y) = 4 is equivaient to xy = 4, the graph is symmetric with respect to
the origin.

¢iPractice

T TT] 5B. a_y'J_L_l_I_l_]
w]Ly=—x-°-+6| X2+ y7 =25
4 ; //’E"""\\z/
=8 —4f[o] N4 | 8x -8 ~{4 o) 4} 8x
[~ i =l
ol 1Y Ty
¥ 78 i
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Graphs of functions can have y-axis or origin symmetry. Functions with these types of symmetry
have special names.

| KeyConcent Even and Odd Functions

Functions that are symmetric with respect fo the y-exis are calied even For every x In the domain of £

functions. fi—x) = f{x).

Functions that are symmetric with respect to the orlgin are called odd For every xin the domain of f,

functions, fl—x) = —f(x). .
]

GRAPHING CALCULATOR Graph each function. Analyze the graph to determine whether each
function is even, odd, or neither. Confirm algebraically. If odd or even, describe the symmetry
i of the graph of the function.

a. flx)=x%—2x

; Tt appears that the graph of the function is symmetric

with respect to the origin. Test this conjecture. ) =5 —2x /
L) = (08 - 20— e \ 3 N

| = —x’+2x /

| = (P —2%) g

- _f(x) R 110, 101 scl: 1 by [—10, 10] scl: 1

The function is odd because f(—x)} = —f(x). Therefore, the
! function is symmetric with respect to the origin.

b, g) =x*+2

It appears that the graph of the function is §ymmetric
with respect to the y-axis. Test this conjecture.

g(_‘t) = (‘—‘.'{)4 + 2 Sitmiyole oy for X
_x4+2 g @:X4+2

=g(x)

l

{5, 5] scl: 1 by [—2, 8] scl: 1

The function is even because g(—x) = g(x). Therefore, the
{unction is symumetric with respect to the y-axis.

6. h(x) = x® — 0.5x% — 3x

. F It appears that the graph of the function may be =
. 3 2
StudyTip symmetric with respect to the origin. Test this hl) = x* - 06x° - 3
Even and 0dd Functions Itis : conjecture algebraically. J-""‘-.‘
important to always confirm : —
symmetry algebraically. Graphs i H(—x) = (—x3% — 0.5(—}% — B{—a}  wsit e
that appear to be symmetrical 3 5 S
may not actually be. =~ — 0.5x% + 3x e
/ . .
Because —h(x) = —x3 + 0.5¢% + 3x, the function is neither [-5, &} sct: 1 by {5, 5] sol: 1

‘{ even nor odd because h{—x) £ hix) and k{—x) # —h(z).

: =i Practice
. BA. f(x)= xiz BB. g(x) =4V% 8GR =x5—2x%+x

e e o o £ oo s e
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Use the graph of each-function to estimate the indicated
function values. Then confirm the estimate algebraically.

pound to the nearest hundredth, if necessary. (&

1.

nipie 1)

T 2. —ol=x*—8x%+ 55
+ P [N
144 . g(X),:_S\/X—*_ 50 :"8 4 6\\ 4 | Bx
so| N A Eimwnn
W o P\
R A
63 e | R
SRR i
a g(6) hog(12) ¢ g(19 a g(-2) b g()
EEEEEEN olY A
1 = I+ 2} A
8 7 f//
Ny 8 o] T4 ex
T — -4 !
T B 3 ifte2]
TR sl

a f(—8) h. f(-3) c f0)

| Ay T
= 252
T ‘dif:;:

4] X
L /

6.

a f(-3) h f(0.5) ¢ F(0)

a. P(—6) b. P(2) ct. P(9)

¢ g(8)

yI L1
h(X)=X-—23
1X‘,,,_4
] ol | “lx
N T
N1
Vi
¥ v

a =1} b K(15) ¢ kQ2)

- BECYLING The quantity of paper recycled in the United

States in thousands of tons from 1993 to 2007 can be
modeled by p(x) = — 0.0013x* + 0.0513x* — 0.662x* -+
4.128x + 35.75, where x is the number of years since

1993, 7ot

=
-
£ 50 - P
&% =l
o 9 =
= {
28 4 Ll !
=3 ;
o235 ‘
- |
= I
~ 0 T T i
4 i 7 16
Years Since 1993

a. Use the graph to estimate the amount of paper
tecycled in 1993, 1999, and 2006. Then find each
valye algebrajca]ly.

. Use thle graph to estimate the year in which the
“Huantity of paper recycled reached 50,000 tons.

Confirm algebraically.

8. WATER Bottled water consumption from 1977 to 2006 can
be modeled using f(x) = 9.35x% — 12.7x + 541.7, where x
represents the number of years since 1977. it

Use the graph of I to find the domain and range of each

9000

8000

7000

6000

5000

4000

3000

Millions of Galions

2000

L~

et

1000

Lo

L

Years Since 1977

306 9 12 15 18 21 24 27 30

e

a. Use the graph to estimate the amount of bottled water
consumed in 1994.

b. PFind the 1994 consumption algebraically. Round to the
nearest ten million gallons.

¢. Use the graph to estimate when water consumption
was 6 billion gallons. Confirm algebraically.

function. i 7

/g,

11

13.

YT 1] 10. y
y=h(x) l_
iy ve=h{x)
= . i %MJ
0 X
0 X \
7 “12, YT
!1 ] I(i}iii
N [~ =fi | |
Jy=ntal/ . \t? ;
y= X
U1/ 2
. 0 X
[e; X
B
¥ I 14. ¥
|y=h
A g%
i)
TTA I \ Y
P VAN \N74
o) \/ X L LR 1
y=h(x|
TITT
L P
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. 15, ENGINEERING Tests on the physical behavior of four metal
specimens are performed at various temperatures in
degrees Celsius. The impact energy, or energy absorbed
by the sample during the test, is measured in joules. The

test results are shown.

e 2

#C'oprpe‘r
! ! |

s

B2 L N
D (5 [k
5 Aluminium 5, A 3
b  Zinc ]

e

g% —=1" | Steel

== 0.0
—-150 —100 -50 0 50 100 150

Temperatare (°C)

34

a. State the domain and range of each function.

b. Use the graph to estimate the impact energy of each
metal at 0°C.

Use the graph of each function to find its y-intercept and
zero(s). Then find these values algebraically. Examples 5 and 4

16, [Iy i
!
N 1o
L0 = V=1 - ol T/ -
- - .—-"""" ’1 \ \
(00 = 2057 1]
© x YT T T 1]
18 VT[] %[
) = &%
e N
~ TR
] ‘ g Y L0 = /X + 8]
0 X
20. MW y Lo, ;
\ T
\ ]
\ /
\
T
- & 5
[7(x) = x2 — 6x+ 9 AL
: e =2
o \ i
IR \ ]
-8 4 101 | 4 x /
0 M
i F_B of =
o [0 =7 +5x+ 6]

[fx) = X1 B4 12x+ 8
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Use the graph of each equation to test for symmetry with
respect to the x-axis, y-axis, and the origin. Support the
answer numerically. Then confirm algebraicaily. i&ainh:

24, ¥ 25. 7 2
»,.,—-ﬂ'?"
|~ ~ 1 [

/

N, 0 ' X| 10 ”
v =1 A
X*+ 4y° = 16| Y
. lx=y*-3]

26. y = 27, 7
| ] ,/""
[x=—V]] N A
\B </ N
0 % -
| ] \\&ﬁ
L& T\ N
2. V[ 14 29, 157
/ ]
| 0 |
=7 Aty= -1
will V4 F /]
paLe] X g =4 0| 1 4 L
LAl A
[“!
i o]
Y Y
7 30, 1 1 I
N f LA
| |ny:x“-«~8x‘3
40 g 7
/ )
—5 i—4 P14 | 8x —8 |4 4 | 8x
Ao RIS
!{ y=x3—2x2+3x—ﬂ Wf \
8 8
i HREER i
32. Y] 733, WY
(R0 E
< 4
\\ 8
~ Pl .
EN L1 8
96 -8 0] | 8 | 16x .
e ~
LT e S g Q{4 | 8x
e TN NEEE LN
136(y + 412 — 160x— 3)2 = 576] —0)2 + 87 = 4

GRAPHING CALCULATOR Graph each function. Analyze the
graph to determine whether each function is even, odd, or
neither. Confirm algebraically. If odd or even, describe the
symmetry of the graph of the function. Erampis @

34, f(x) ="+ 6x+ 10 35, f(x) = —2x% + Bx — 4
436 g()=Vx+6 37. hx)=Vx? -9

38. h(x) = |8 — 2x! 239 f(x) = |x3|_

0. f(x):%—i—; At g(n) = x’fl



" Use the graph of each function to estimate the indicated
" function valuies.

42, il f(x): . 8 i
.' — 900 |
4 T\ Bx ~§ |—4 |0 4 [ 8x
LA L
e
1 | AENE 78

s f(=2) b f(=6) & fO)  a.8(-8) b. g(~6) & g(~2)

44, FOOTBALL A running back’s rushing yards for each game
in a season ate showr,

Game

a. State the domain and range of the relation.
b. [n what game did the player rush for no yards?

HONES The number of households k in millions with
only wireless phone service from 2001 to 2005 can be
modeled by k(x) = 0.522 + 0.5x '+ 1.2, where x represents
the number of years after 2001.

L")
<=
s 12 /(
g 10 4
.- / b
[=] 8 /
F~] |
s 6 W
g 4 =
% P —— ]
0 ¥ o
i 2 3 4
Years Since 2001

« State the relevant domain and approximate the range.

+ Use the graph to estimate the number of households
with only wireless phone service in 2003. Then find it
algebraically.

+ Use the graph to approximate the y-intercept of the
fupcﬁon. Then find it algebraically. What does the
y-intercept represent?

- Does this function have any zeros? If so, estimate them
and explain thejr meaning. If not, explain why.

. FUNGTIONS Consider f(x) = »".

a. Use a graphing calculator to graph f(x) for values of 1
intherange 1 <#n < 6, wheren e N.

b. Describe the domain and range of each function.
¢. Describe the symmetry of each function.

d. Predict the domain, range, and symmetry for f{x) = x™.
Explain your reasoning.

47. PHARMACOLOGY Suppose the number of milligrams of a
pain reliever in the bloodstream x hours after taking a dose
is modeled by f(x) = 0.5x% + 3.45x% — 96.65x% + 347.7x.

a, Use a graphing calculator to graph the function,
b. State the relevant domain. Explain your reasoning.

¢. What was the approximate maximum amount of pain
reliever, in milligrams, that entered the bloodstream?

GRAPHING CALCULATOR Graph and locate the zeros for each
function. Confirm your answers algebraically.

) 249
48, f(x) = "?ﬁ

Bl h() =2V 1 12 — 8

a8, flx) =21
50, h(x) = Vx? +4x + 3

52. g(x) = —12+ & 8. g =243

54. TELEVISION The percent of households i with basic cable
for the years 1980 through 2006 can be modeled using
h(x) = —0.115x% 4 4.43x 1 25.6, 1980 < x < 2006, where
x represents the number of years after 1980.

a. Use a graphing calculator to graph the function.
b. What percent of households had basic cable in 19997
Round to the nearest percent.

¢. For what years was the percent of subscribers greater
than 65%?

Use the graph of fto find the domain and range of each
function,

55, RIS 56, Y
\\\ A l:f(_xﬂ B ala
N ! NP
y. SRR s
8 -4 |4 | 4 | 8F =5 24 o] 1 41 ax
9y / AR
P RRaan 4H
8 ~8
t |
57. Ty 98. y
AL 8
I Al
-8 |—4 O T/ | 8% |
& | 1y —4 O\ 4 1 8 X
A | / 24 N
ol \ h Y
I l -

@{;mmecté@..rnc.g;é.vx.r—.h-i.l.cdnE 21 g Q!



59, POPULATION The percent population change from 1930 to
1940, 1940 to 1950, and so on, for a certain U.S. city from
1930 to 2000 can be modeled by f(x) = 0.0001x® — 0.001x?
— 0.825x + 12.58, where x is the number of years since 1930.

{--50, 100] scl: 15 by [—30, 79] scl: 10
a. State the relevant domain and estimate the range for
this domain.

b. Use the graph to approximate the y~intercept. Then
find the y-intercept algebraically. What does the
y-intercept represent?

¢. Find and interpret the zeros of the function.

d. Use the model to determine what the percent
population change will be in 2080. Does this value
seem realistic? Explain your reasoning,

60. STOCK MARKET The percent p a stock price has fluctuated
in one year can be modeled by p(x) = 0.0005x* —
0.0193x% + 0.243x% — 1.014x + 1.04, where x is the number
of months since January.
a. Use a graphing calculator to graph the function.
b. State the relevant domain and estimate the range.
c. Use the graph to approximate the y-intercept. Then

find the y-intercept algebraically. What does the
y-intercept represent?

d. Find and interpret any zeros of the function.

61. 257 MULTIPLE REPRESENTATIONS In this problem, you
will investigate the range values of f(x) =
approaches 2.

a. TABULAR Copy and complete the table below. Add an
additional value to the left and right of 2.

1
T asx

1.89 1.999 2 2.001 2.01

b. ANALYTICAL Use the table from part a to describe the
behavior of the function as x approaches 2,

¢. GRAPHICAL Graph the function, Does the graph
support your conjecture from part b? Explain.

d. VERBAL Make a conjecture as to why the graph of the
function approaches the value(s) found in part ¢, and
explain any inconsistencies present in the graph.

GRAPHING CALCULATOR Graph each function. Analyze the
graph to determine whether each function is even, odd, or
neither. Confirm algebraically. If odd or even, describe the
symmetry of the graph of the function.

62, flx) =x>—x-6

84, h(x) =x¢ +4

83. gn)=n?-37

65, f(z) =g’

86. g(y) =y*+8y> + 81 67. h(y) =v° —17y* + 16y
68. h(b) = bt — 2% — 13b2 4+ 14b - 24

OPEM ENDED Sketch a graph that matches each description.

69. passes through (=3, 8), (—4, 4), (-5, 2}, and (—8, 1) and is
syminetric with respect to the y-axis

70. passes through (0, 0), (2, 6), (3,12), and (4, 24) and is
symunetric with respect to the x-axis

passes through (—3, ~18), (2, —9), and (=1, —3) and is
symmetric with respect to the origin

72. passes through (4, —16)}, (6, —12), and (8, —8) and
represents an even function

73. WRITING IN MATH Explain why a function can have 0, 1, or
more x-intercepts but only one y-intercept.

74. GHALLENGE Use a graphing calculator to graph

2 —
fly = 22 and predict its domain. Then
4yt 12

confirm the domain algebraically. Explain your reasoning.

REASONING Determine whether each statement is true or
false. Explain your reasoning,.

75. The range of f(x) = nx?, where n is any integer, is
wly=0yeR]

76. The range of f{x) = v/nx, where 7 is any integer, is
ylyz0,yeR})

77. All odd functions are also symmetric with respect to the
liney = —x.

78. An even function rotated 180n° about the origin, where
7 is any integer, remains an even function.

REASONING If a(x) is an odd function, determine whether b(x)
is odd, even, neither, or cannot be determined. Explain your
reasoning.

79. b{x) = a(~x)
80. b{x) = —alx)
81, B(x) = [a(x)]?
82. b(x) = a(|xf)
8. b(x) = la(x))®

REASONING State whether a graph with each type of
symmetry always, sometimes, or never represents a
function. Explain your reasoning,.

84. symmetric with respect to the linex = 4
85. symmetric with respect to the liney =2
86. symumetric with respect to the liney = x

87. symmetric with respect to both the x- and y-axes

88. WRITING IN MATH Can a function be both even and odd?
Explain your reasoning.
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- Find each function value, e 1-4

g gg‘g(x):xz—merS 90. h(x) = 2x* +4x =7

a. g(2) a. h(=9)
b, g{—4%) b. J(3x)
c. g(l+3n) ¢ h(2 -+ m)

gz. GRADES The midterm grades for a Chemistry class of 25 students are

shown. Find the measures of spread for the data set. (Loxist 0-a

g3, PLAYING CARDS From a standard 52-card deck,
find how many 5-card hands are possible that fit

sach description. -
a. 3Thearts and 2 clubs
b. 1 ace, 2 jacks, and 2 kings

¢. all face cards

1 '
94, 4A — 2B 95. 3C + 24
- Evaluate each expression. RIEEESUREEE Y
1 5
q7. 273 98, p4s
G _3 3
G100 16 4 101, 252

offspring. Write (R + W)% as a polynomial. tussin 05

Simplify. e -2

108, {2 + (4 +30) 105. (1 4 4i)*

107. SAT/ACT In the figure, if n is a real number greater
than 1, what is the value of x in terms of n?

Vi
1
X
A Vr?t-1 C Ayl Entl
B Vi1 D1

1 C
U8, REVIEW 2Whmh inequality describes the range of
f(x) = x% + 1 over the domain —2 < x < 37

Fisy<9 H1<y<9
G 2<y<10 ] 1<y<10

L

-6 3 3 -7 2
& 1 i = B= dC= [ :\, s
Find the following for A [_5 1 ] [2 _731, an 4

292 42
91. p(x) =%

2
a. p(3)
b. p(xz) :
e ople+ 1) .

g6. —2(B — 34)

i
99,49 2

-3
102.36 2

103. GENETICS Suppose R and W represent two genes that a plant can inherit from its parents.
The terms of the expansion of (R + W)? represent the possible pairings of the genes in the

106. (2 — )3 + 2i)(1 — 41:)

109. Which of the following is an even function?
A flx)=22%+ 62" — 5x% — 8
B g(x) =3 +x* 52 +15
C m(x) = x* + 3% + x* + 35x
D x) =4x5+2x% 4 6x — 4

1+x o

110. Which of the following is the domain of glx) =
F (—oo,0)U (0, 16) U {16, 00)
G (o0, 0]U[16,00)
H (=0, 1)U (~1,%)
] (—o0, —4) U {4, 4) U (4, 00)

K2 16x

;lﬁ60nnéciéb,ﬁlcg{aw-hill.cé{n E 23



% You found domain @
and range using the
graph of a function.

W HzwVocabulary
continuous function

limit

discontinuous function
infinite discentinuity
jump discontinuity
removahle discontinuity
nonremovable
disconfinuity

end behavior

X D) 24 | Lesson 1-3

: : 7

Use limits to # Since the early 1980s, the E p
| determine the current minimum wage has % 5 -

continuity of a jumped up several times. B s K |

function, and apply The graph of the minimum 5 5 6

the Intermediate Value  Wa0e a5 a function of time 8 ,T

Theorem 1o shows these jumps as 1980 1984 1988 1992 1996 2000 2004 g

confinuous functions. breaks in the graoh, such Year

as those at x = 1990,

Use limits to describe X = 1996, and x = 2008.

end hehavior of

functions.

—

GContinuity The graph of a continuous function has no breaks, y

holes, or gaps. You can trace the graph of a continuous function
without lifting your pencil.

One condition for a function £(x) to be continuous at x = ¢ is that
the function must approach a unique function value as x-values
approach ¢ from the left and right sides. The concept of approaching
a value without necessarily ever reaching it is called a limit.

A
ARV

f{x} s continuous for all x.

#eyConcept Limits

Words If the value of fix) approaches &
unigue value L as X approaches ¢
from each side, then the fimit of

fix) as x approaches cis L.

Symbols )|£I:Ic f(x) = L, which is read The

limit of fix) as x approaches ¢
st

! 1
x3x4\x

—rtf——

XX c
—_—

To understand what it means for a function to be continuous from an algebraic perspective, it helps
to examine the graphs of discontinuous functions, or functions that are not continuous. Functions
can have many different types of discontinuity.

HeyConcept Types of Discontinuity
A function has an infinite discontinuity | A funciion has a jump discentinuity A function has a removable
at x = ¢if the function value increases at x = ¢ if the limits of the function as | discontinuity if the function is
or decreases indefinitely as x xapproaches ¢ from the left and right | continuous everywhare except for a
approaches ¢ from the left and right. exist but have two distinct values. hole at x = c.
Example Example Example
¥ ;/
i\ (4] c X / OC X
_



- ¢ = ¢ has no bearing on the not the same as the value of the limit at point c.
© existence of the Himit of fix) as x
! aoproaches ¢.

' Notice that for graphs of functions with a removable discontinuity,
srudyTip the Timit of f(x) at point ¢ exists, but either the value of the function \
Limits \}vhether f(x) exists at at ¢ is undefined, or, as with the graph shown, the value of f(c) is

oA
L.

[

Infinite and jump discontinuities are classified as nonremovable discontinuities. A nonremovable
discontinuity cannot be eliminated by redefining the function at that point, since the function
approaches different values from the left and right sides at that point or does not approach a single
value at all. Instead it is increasing or decreasing indefinitely.

These observations lead to the following test for the continuity of a function.

gaﬂaemsﬂmmary l_:ontinui_ty T_&_as_t

A function (x) is continuous at x = ¢ if it satisfies the following conditions.
s« f(x)is defined at ¢ That is, fc) exists.

e {(x) approaches the same value from either side of ¢ That is, )I(l_rpc f(x) exists.

o The value that f(x) approaches from each side of ¢is fic). That i8, )l(l‘l"lc fix) = fle).

SRt e i

Determine whether f(x) = 2x% — 3x — 1is continuous at x = 2. Justify using the continuity test.
Check the three conditions in the continuity test.

1. Does f(2) exist?
; Because f(2) = 1, the function is defined atx = 2.

2. Does lin‘é filx) exist?
x—r

Construct a table that shows values of f(x) for x-values approaching 2 from the left and from

the right.
— xapproaches 2—» —~— X approaches 2 ——
1.9 1.89 | 1.999 2.0 2.001 201 21
0.52 0.95 @ 0995 1.005 | 1.0 1.62

J e

The pattern of outputs suggests that as the value of x gets closer to 2 from the left and from
the right, f(x) gets closer fo 1. So, we estimate that ]m} flxy =1,
X—t

3. Does }cim’n;f(x) = f(2)?

Because hn'% (2x% — 3x - 1) is estimated to be 1 and f(2) = 1, we conclude that f(x) is
x—
continuous at x = 2, The graph of f(x) shown in Figure 1.3.1 supports this conclusion.

dPraciice

Determine whether each function is continuous at x = 0. Justify using the continuity test.

1 .
1A f) =2 1B. f(x):{Y i x<0

x if x=0

Figure 1.3.1

- = - 'y
@:osmectED‘mcgraw—hill.comi 25 @




If just one of the conditions for confinuity is not satisfied, the function is discontinuous at x = ¢.
Examining a function can help you identify the type of discontinuity at that point.

| removable.

a f(x)={3x_2 if x>“3;atx——~—3

2—x if x=<-—3

1. Because f(—3) = 5, f(—3) exists.

Y 2. Investigate function values close to f(—3).
—(ls 1 5 - //' : x approachies —3 ——- ~g—-ee X approaches —3
U5 T 71 -31 | -301 | —3001 | —30 | —2899 | —209 | —29
I
4 5.1 5.0 5.001 =10, —10.97 10.7
1 9 TRy I 1 10.997
| ) | > <
(=3, 114" i The pattern of outputs suggests that f(x) approaches 5 as x approaches —3 from the left
j E ‘ﬂ\ and 11 as f(x) approaches —3 from the right. Because these values are not the same,
e > 3 | lim3 f(x) does not exist. Therefore, f(x) is discontinuous at x = —3. Because f()
X — — H X——
fx) = { 2—x ifx<—3 approaches two different values when x = —3, f(x) has a jump discontinuity atx = —3.

The graph of f{x) in Figuze 1.3.2 supports this conclusion.
Figure 1.3.2

+39; atx=-3andx =3

b f(0) =

x

x2 b

1. Because f(—3) = % and f{3) = %, both of which are undefined, f/(—3) and £(3) do not exist.
Therefore, f(x) is discontinuous at both x = ~3 and at x = 3.

2. Investigate function values close to f(—3).

X approaches —3 ———3 -&——— x approaches —3
-3 —3.01 -3.0(1 -3.0 —2.999 —2.99 —-2.9
T‘ —0.164 | —0.166 | —0.167 —~0167 | —0.167 | —0.169
e

The pattern of outputs suggests that f{x) approaches a limit close to —0.167 as x
approaches —3 from each side, so lims flx) = —0.167 or ﬁé.
——

Investigate function values close to f(3).

xapproaches 3 ———» ~——- X appraaches 3
2.9 2,99 2.999 30 3.001 3.01 31
—10 —100 —1000 1000 100 10

o o+

The pattern of outputs suggests that for values of x approaching 3 from the left, f(x)

HEEEREY; Y becomes increasingly more negative. For values of x approaching 3 from the right, f{x)
- 3! ; becomes increasingly more positive. Therefore, lirré f{x) does not exist.
0= 5% =
: \";r;fi . 3. Because lim3 flx) exists, but f(~3) is undefined, f(x) has a removable discontinuity at
X —pe-
A N[ ™ *; ¥ = —3. Because f(x) decreases without bound as x approaches 3 from the left and

19 H
{—3: 5 increases without bound as x approaches 3 from the right, f(x) has an infinite discontinuity
{ at x = 3. The graph of f(x} in Figure 1.3.3 supports these conclusions,

Figure 1.3.3 - i
Aiirted Practice

4
2A, f(x)=i2,'atx:0 2B. f{x):{5x+ if x>2
x

;atx=2
- 2—x it x=2
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I¥ a function is continuous, you can approximate the location of its zeros by using the Intermediate
Value Theorem and its corollary The Location Principle.

KeyConcept lnter_medié_te Vaiﬁ_e Tﬁeqre_m

If 7ix) is a continuous function and & < band there Is a value 1 such that nis between f(2) and f(b), then there is a number ¢,
suchthat a < ¢ < band f{g) = n.

Corollary: The Location Principle If f{x}is a continuous function and f{@) and f{f?) have opposite signs, then there
exists at lsast ane value ¢, such that a < ¢ < hand #(c) == 0. That s, there is a zero between aanc b.

.

i Determine between which consecutive integers the real zeros of each function are located on
i the given interval.

A f) =x - 4x+2[-4,4]

-3 | -2 | 0 1 2 3 4

| Because f(—3) is negative and f(~2) is positive, by the Ry A
; Location Principle, f(x) has a zero between —3 and ~2. J
} The value of f(x) also changes signfor 0 = x <1 and £y /
1 < x =< 2. This indicates the existence of real zeros in
each of these intervals. 5 o] Y2 1 4x

The graph of f(x) shown at the right supports the
| conclusion that there are real zeros between —3 and 8 !
| —2,0and 1, and 1 and 2.

| StudyTip
12 Aprovimaling Zeros with No
i _Silgu Changes While a sign

thange on an interval does i
Indlcate the ocation of a real 26re,

the absence of a sign change
3 does netindicate that thers are no

b. f(x) = x* + x + 0.16; [-3, 3]

-2 —1 a 1 2 3
216 1 016 | Q.16 | 216 | 616 | 1216

1 eal zeros on that interval The values of f(x) do not change sign for the x-values used. YT | 4
4 et metha o ch:cli‘tr:aﬁzgl? ; However, as the x-values approach —1 from the left, f(x) % - /
"4 geaph the funcion gisisto decreases, then begins increasing at x = 0. So, there may /
P — —_— ‘ be real zeros between consecutive integers —1 and 0. —NY 2
Graph the function to verify. ] -
| - . N\ A = 27+ x4+ 0.6
The graph of f(x) crosses the x-axis twice on the inferval N V= XY,
[—1, 0], so there are real zeros between —1 and 0. =2 - 2|
L [ ]
J s Practice
_x—6 PN :
-3 f) = Y. [-3, 4} B. f(x) = 8x° — 2¢* - 5x — 1;[-5,0]

@C-GIN;ECIED.mcgré\;\."hi.lt,c.(.lhfgi 27 @




&3 End Behavior The end behavior of a function describes how a function behuves at either end
o

£ of the graph. That is, end behavior is what happens to the value of f(x) as x increases or
decreases without bound--becoming greater and greater or more and more negative. To describe

- L the end behavior of a graph, you can use the concept of a limit.
Hﬁaﬂm@ Math b Left-End Behavior Right-End Behavior
Limits The expression . R
Nim 7tx) s read the fimit Aim f(x) Jim f(x)
of f(x) as x approaches posfive
infinity. The expression,_lim_ ) One possibility for the end behavior of the L4y
is read fhe fimit of flx) as x graph of a function is for the value of f(x) fim f(x) = oo flx) — oo
kapproaches negative infinity. to increase or decrease without bound. Koo
This end behavior is described by saying ‘o> =
o . DR e —
that f(x) approaches positive or negative 0 %
-

Use the graph of f{x} = —x* + 8x° + 3x? + 6x — 80 to describe ‘f(x) — x4 Bx3 4 3x% 4 By — 801

its end behavior. Support the conjecture numerically. |

; ¥

: 1

. Analyze Graphically 400 / \\

! f

- In the graph of f(x), it appears that x]f‘glmf(x) = —oa 200 /I

| and Jim fx) = —oo. 54 0L 4 8%

b0 1

: T?L |
4 Y]

‘ Support Numerically

Construct a table of values to investigate function values as |x| increases. That is, investigate the
value of f(x) as the value of x becomes greater and greater or more and more negative.

~¢——— xapproaches —oo x approaches co ——————

—10,000 | —1000 |+ —100 0 100 1000 10,000
A0 | 1,10 | —1.108 —80 —1.908 | —1.10% [ —1 .10

The pattern of outputs suggests that as x approaches —oo, f(x) approaches —oo and as x
- approaches oo, f(x) approaches —oo. This supports the conjecture.

- Practice

Use the graph of each function to describe its end behavior, Support the conjecture

numerically.
T o [T
/ f == o4
=7 ok 7] : \owi/jE
—4 -2 10 ) X -8 |- X
NI NS4 ; L]
# —|1Hg(x)w—~x3—9x+2 -8 ¥

Instead of f(x} being unbounded, approaching co or —co as IxE incredses, some functions approach,
but never reach, a fixed value.
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S S
x?—2x+8
behavior. Support the conjecture numerically.

‘Use the graph of f(x) = to describe its end

Analyze Graphicaily .

In the graph of f(x), it appears that IHIFOO flxy=20
and xli_r'rcxof(x) = 0. ’

Support Numerically

—«———— x approaches —oo ————— — — xapproaches co ——>
10000 | 1000 | 100 D 0 | 1o | 10,000
Zya00t | —o0ot | 001 0 oot | oot [ 1107

2

The pattern of ouiputs suggests that as x approaches —oo, f(x) approaches 0 and as x approaches
oo, f(x) approaches 0. This supports the conjecture.

Practice

Use the graph of each function to describe its end behavior. Support the conjecture
numetrically.
58 [ 1 [ 5B, o’ _

1 . () = —Bx%+ 4

e X%+ x+1

L

3 8x

j_it

Knowing the end behavior of a function can help you solve reat-world problems.

PHYSICS Gravitational potential energy of an object is given

by L) = — G’f,Mg, where G is Newton's gravitational constant,
m is the mass of the object, M, is the mass of Farth, and r is the
distance from the object to the center of Farth as shown. What
happens to the gravitational potential energy of the object as it
moves farther and farther from Earth?

We are asked to describe the end behavior Li(7) for large values of r.
* That is, we are asked to find rl_i_glo LI(r). Because G, m, and M, are

constant values, the product GmM, is also a constant value. For

. . GmM, .
increasing values of 7, the fraction — n:‘ ¢ will approach 0, 50

r]in; L(r) = 0. Therefore, as an object moves farther from Earth,

its gravitational potential energy approaches 0.
Linlk
The form gy = — 57Me (o

Qravitational potential energy is
most useful for calculating the
velogity required fo escape Farth's
Bravity, 25,000 miles per hour,

5 \ )
ouree: The Mechanical Universe

@nnectwmcgr-awihiii.bbmﬁ

:Practice

6. PHYSICS Dynamic pressure is the pressuxe generaied by the velocity of the moving fluid and
2
is given by g(v) = -p-;—, where p is the density of the fluid and v is the velocity of the fluid.
What would happen to the dynamic pressure of a fluid if the velocity were to continuously

increase?




Determine whether each function is continuous at the given
x-valtue(s). Justify using the continuity test. If discontinuous,
identify the type of dlscontmulty as infinite, jump, or
removable. [Fanpizs tang &

1. f(x)szz—ﬁl;atx:»—S
2. f(x):\/x+5;atx:8
3 hx) =2 ?6’6,atx——6andx=6
4, h(x):xx1§5;atx:-—5andxx5
5. g(x):%l;atx=1
6. o(x) = atx-——2andx-—
7. h{x)=—:;5i;atx:1andx=4
—-5x+4
8 =% sty ~0andx=6
x
1 if x<—6_, . _
9 flar= {x+2 o>t
-1 if x>-2
10. f(x)""{x-S 4 ox= 2,atx——Q

PHYSICS A wall separates two rooms with different

temperatures. The heat transfer in Watts between the two
rooms can be modeled by f(w) = w 22 where wis the wall

thickness in meters. (Esamls 1 wui &

Cool Room & Warm Reoom
60°F 80°F

N Wall

a. Determine whether the function is continuous at
= (.4. Justify your answer using the continuity test.
b. Is the function continuous? Justify your answer using
the continuity test. If discontinuous, identify the type
of discontinuity as infinite, jump, or removable,

¢. Graph the function to verify your conclusion from part b.

12, CHEMISTRY A solution must be diluted so it can be used in
an experiment. Adding a 4-molar NaCl solution to a
10-molar solution will decrease the concentration. The
concentration C of the mixture can be modeled by

Clx) = Egg i ix’ where x is the number of liters of
4-molar solution added. Examples 1 2nd 2

a. Determine whether the function is continuous at x = 10.
Justify the answer using the continuity test.

b. Is the function continuous? Justify your answer using
the continuity test. If discontinuous, identify the type
of discontinuity as infinite, jump, or removable and
describe what affect, if any, the discontinuity has on
the concentration of the mixture.

¢. Graph the function to verify your conclusion from part b.
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Determine between which consecutive integers the real
zeros of each function are located on the given interval.

13, flx) =% — %% —3;[-2,4]

14, g{x) = —x® + 6x + 2; [—4, 4]

15, f(x) = 2x¢% — 323 + 22 - 3;[-3, 3]
16. h(x) = ~x* + 4% — Bx — 6; [3, 5]
17. f(x) = 32 — 62> — 2x + 2; [—2, 4]

2
18, X330 43
g(x) Y [—4,3]
19, W) =% +4 s [-2, 4]

20. £(x) :\/xzwé —6;[3, 8]
2. ¢() =Vx*+1-510,5]

Use the graph of each function to describe its end behavior.
Support the conjecture numerically. (msampies 4 and 5

22, }FL v T4 23. I
64
|
Jﬁz 7
Ly i
[+] \% [ ! f,) X o] |x
F(X)::4X4—5X3+3X| 4 |
10 = —5x% 4 Tx— 1! ]
P i __
24, i | :
[ l N 52 - 2 16 Yi
X4 2x41 -t
) = — F{C’ 8
I 1 - N :
—43 32 —16/0 16X ~ e X .
Wi m Pl .;,,
P fx) = 2= 18Ty _.
¥ 1 - t :
/] _ - :
¥ P2 e |
26. Y 27. &Y
EEEEEEE A -'
/ =
L i
M \ X o B 1%
P ol T oy DY T
flx) = BX—5x A ) 18
\(X)I T E 1TBXE 1] E fFX) T |2X? +| 5X‘+ 2
HEREEE AREEEER
28, Wl 29, .
l a
\ - 1253 + 4x
FET o flx) = —5
459
~g 1ol |8 6 | 24x AZ-8)-4_ o] N4
L 2 i AN
T = P28 40 A
I X& 1
o




g9, POPULATION The U.S. population from 1790 to 1990 can be
modeled by p(x) = 0.0057x> + 0.48952% + 0.3236x + 3.8431,
where x is the number of decades after 1790, Use the end
wehavior of the graph to describe the population trend.
Support the conjecture numerically. Does this trend seem
realistic? Explain your reasoning. (Exwmple i

225
= 200 //

150
5 /

100 —

—
o

\

Population (millions

=5
\\

]

jou)
u

| or]

2 4 6 8 101214 16 18 20
Decades Since 1790

(=]

31. CHEMISTRY A catalyst is used to-increase the rate of a
chemical reaction. The reaction rate R, or the speed at
0.5x
x+ 127
where x is the concentration of the solution in milligrams

of solute per liter of solution. Example &

which the reaction is occurring, is given by R(x) =

a. Graph the function using a graphing calculator.

h. What does the end behavior of the graph mean in the
context of this experiment? Support the conjecture
numericaily.

32. ROLLFR GOASTERS The speed of a roller coaster after
it drops from a height A to a height B is given by

fli,) =4/2g(lr, — hy), where )1, is the height at point 4,
ftyy is the height at point B, and g is the acceleration due to

gravity. What happens to f{f 4) as Iy decreases to 07
A

Vg

Use logical reasoning to determine the end behavior or limit

8] : P s
f the function as x approaches infinity, Explain your
reasoning. g s

Bty =2 3. fix) =22
x
. +1
B plx) = i~2 36. mix) = ;jr-:'x6
3 - 2 2 _3x—
7. ofx) = 5% 3. k)= 2 =dx=1

Ppox 1 11x

3 .
%ollx) = 2x5 4 743 4 40. g(x) =x* — 92> + %

41. PHYSICS The kinetic energy of an object in motion can be
2

expressed as E{(m) = wz%, where p is the momentum and

m is the mass of the object. If sand is added to a moving
railway car, what would happen as m continues to
increase? (Exar!

Use each graph to determine the x-value(s) at which each
function is discontinuous. Identify the type of discontinuity.
Then use the graph to describe its end behavior. Justify your
answers.

42, ! T
b 441
A1 2x—1
[fld = == :
O T 7 11—)( ‘h(x)=‘1‘:%:_
ATV 48 Tx zj W
_4 Tl I\ ] i .
{ —4 |0 418 [ 12
ThY T

44, PHYSICS The wavelength A of a periodic wave is the
distance between consecutive corresponding points on
the wave, such as two crests or troughs.

) 1
crest one

I WV:
\ wavelength
/‘:}\ /\ i
< : : &
SN N\

L 1
§ one 1\
i wavelangth 1 trough

The frequency f, or number of wave crests that pass any
given point during a given period of time, is given by
fa)y = -)CT, where ¢ is the speed of light or 2.99 - 10® meters
per second.

a. Graph the function using a graphing calculator.

b. Use the graph to describe the end behavior of the
function. Support your conjecture numerically.

¢. Is the function continuous? If not, identify and
describe any points of discontinuity.

GRAPHING CALCULATOR Graph each function and determine
whether it is continuous. If discontinuous, identify and
describe any points of discontinuity. Then describe its end
behavior and locate any zeros,

2
4. fl) = ———a
&) P4t x4 6
2
-5
46, ¢(x) = %
g %3 — Bx?—18x + 72
2
47, h(x)=4x2 +1x—3
%% +3x— 18

3 2 _ _
8. ) =% ;;u_ 2x2—9x15 5

%3 — 5y — 26x + 120
X 4+x—12

;mi‘ ] c.UnneciED.mcg?éi&ﬁfﬁ!,ﬁﬁﬁ% 31 @

49, h(x) =




50. VEMICLES The number A of alternative-fueled vehicles in
use in the United States from 1995 to 2004 can be
approximated by f(t) = 2044¢? — 3388t + 206,808, where ¢
represents the year and ¢ = 5 corresponds to 1995.

a. Graph the function.

b. About how many alternative-fueled vehicles were
there in the United States in 1998?

¢. As time goes by, what will the number of alternative-
fueled vehicles approach, according to the model? Do
you think that the model is valid after 20047 Explain.

GRAPHING CALCULATOR Graph each function, and describe its
end behavior. Support the conjecture numericatly, and
provide an effective viewing window for each graph.

51, f(x) = —x* +120° + 4x% — 4

52. g(x) = x° - 20x* + 2x* -5

16x%
B3 flx) =
fx) x% 4 15

8x — 243
54, g(x) = SX— 200
§) 14 + 25°

55. BUSINESS Gabriel is starting a small business screen-
printing and selling T-shirts, Each shirt costs $3 to
produce. He initially invested $4000 for a screen printer
and other business needs.

a. Write a function to represent the average cost per shirt
as a function of the numnber of shirts sold #.

b. Use a graphing calculator to graph the function.

¢. As the number of shitts sold increases, what value
does the average cost approach?

6. 'ﬁg MULTIPLE REPRESENTATIONS Tn this problem, you will
ax® - b
ex® 4 d’
are nonzero integers, and b and 4 are integers.

a. TABULAR Letc =1, and choose three different sets of

values for o, b, and d. Write the function with each set
of values. Copy and complete the table beiow.

investigate limits. Consider f(x) = where g and ¢

b. TABULAR Choose three different sets of values for each
variable: one set with a > ¢, one set with 2 < ¢, and one
set with g = £, Write each function, and create a table
as you did in part a.

¢. ANALYTIGAL Make a conjecture about the limit of
ax’ + b

x) = ~—

f( ) ex® + 4

infinity.

as x approaches positive and negative
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§7, GRAPHING CALCULATOR Graph several different functions
of the form f{x} = x™ 4 ax® 1 4+ byt — 2, where n, 1, and b
are nonnegative integers.

a. Make a conjecture about the end behavior of the
function when # is positive and even. Include a graph
to support your conjecture.

b. Make a conjecture about the end behavior of the
function when # is positive and odd. Include a graph
to support your conjecture.

REASONING Determine whether each function has an infinite
fump, or removable discontinuity at x = 0. Explain.

58. F(x) =Ef-;tg3€i 59, f(x) = ;’Ef;«

60. ERROR ANALYSIS Keenan and George are determining
whether the relation graphed below is continuous at
point c. Keenan thinks that it is the graph of a function
f(x) that is discontinuous at point ¢ because lJ__II} fx)=f(c
from only one side of ¢. George thinks that the graph is
not a function because when x = ¢, the relation has two
different y-values. Is either of them correct? Explain your
reasoning.

¥

7
\%o %

GHALLENGE Determine the values of 2 and b so that f
is continuous.

x*4+a if x=3
bx+a i -3<x<3

V=b—x i x<-3

flxy=

REASONING Find xl_iglm flx) for each of the following. Explait
your reasoning.

62, xhjgo fx) = —oo and fis an even function.

63. Hm f(x) = —oo and fis an odd function.

X—00

64. xﬁw{g J(x) = oo and the graph of f is symnumetric with respec
to the origin.

65. xll,rglo f{x} = oo and the graph of fis symmetric with respec
to the y-axds.

66. WRITING [N MATH Provide an exampie of a function with a
removable discontinuity. Explain how this discontinuity
can be eliminated. How does eliminating the
discontinuity affect the function?



CRAPHING CALEULATOR Gfaph each function, Analyze the graph to determine whether each
fenction is even, odd, or neither. Confirm algebraically. If odd or even, describe the symmetry
of the graph of the function. ooy 1)

7. i) =ik ~16 6. f(x) = 5 89. glv) =x* — 5" + »
gtate the domain of each function. L= 14
) 4x + 6 ___x+3 2
N b 7 o) =—2+9 72. =2 —
[ i S §(x) T () a

73, POSTAL SERVICE The U.5. Postal Service uses five-digit ZIF codes to route letters and
packages to their destinations. (Lesen )-7:
2. How many ZIP codes are possible if the numbers 0 through 9 are used for each of the

five digits? .

5. Suppose that when the first digit is 0, the second, third, and fourth digits cannot be 0.
How many five-digit ZIP codes are possible if the first digit is 07

c. n 1983, the U.5. Postal Service introduced the ZIP + 4, which added four more digits to
the existing five-digit ZIP codes. Using the numbers 0 through 9, how many additional
ZIP codes were possible?

Given A = [“4 10 _2] and B = [8 -5 4 ], solve each equation for X. il=ss0n 0-4)
3 =3 1 4 9 =3 .
743X ~B=A 75. 2B+ X =44 7. A-5X=B

Solve cach system of equations. I oy 05

Todv -6y +4z=12 78, x +2y+z=10 M 2x—y+4+3z=-2

by — 9y + 6z = 18 2x—y+3z=-5 x4y —22=16
Sy — 8y + 10z = 20 2x — 3y — 5z =27 Sx+y—z=1H14

!

) . .

1) SAT/ACT At Lincoln County High School, 36 students 82. REVIEW Amy’s locker code includes three numbers
are taking either calculus or physics or both, and 10 between I and 45, inclusive. None of the numbers
students are taking both calculus and physics. If there can repeat. How many possible locker permutations
are 31 students in the calculus class, how many are there?
stuclents are there in the physics class?

A5 C 11 E - 83, REVIEW Suppose a figure consists of three concentric
B 8 D 15 circles with radii of 1 foot, 2 feet, and 3 feet. Find the
probability that a point chosen at random lies in the
B1. Which of the following outermost region (between the second and third
statements could be used g c1rcies).
to describe the end behavior A 3 %
of f(x)?

, - B X D 2

pm f(x) = —co and X 7 ?

S VRN

“ .\‘Elzloof(x) = —ooand

i :

: i flx) = eo
H lim f(x) = o and Jim f(x) = —co

J lim £ = s and Jim £(x) = oo

- cannectED.mcgfaw-hiﬂ.cdmE




# You found function

2 o Determine intervals % The graph shows the average price of regular-
values. A on which functions grade gasoline in the U.S. from January to
e i are increasing, December. . 320
tant, or T Do
vonstant, The highest average price was about = 300 /7
decreasing, and i . %, 2.0 ’
. ! $3.15 per gallon in May. o 24 4 b
determine maxima 2 ?g 2.60
and minima of The slopes of the red and blue dashed lines B oo A/f
i functions. show that the price of gasoline changed = 50 V|
e . mare rapidly in the first half of the year than 7
: &% Determine the . 0
' @g’ in the second half. 2 4 6 8 1012
: £z average rate of
Menth

~

‘ ‘ change of a function.
| .
|

Ihd MewVocabulary g ncieasing and Decreasing Behavior An analysis of a function can also include a

? _ increasing description of the intervals on which the function is increasing, decreasing, or constant.
; decreasing Consider the graph of f{x) shown. As you move from }
constant left to right, () is Consiant
" . &L, — . :
: critical point ) . . & <
i ¢ increasing or rising on {—oo, —5), = 2, :
: extrama I3 2
maximum ¢ constant or flat on (—5, 0), and £ m %,
minimum = decreasing or falling on (0, o). = ' s B :
. . . X ;
23;2;0; Taf::[:;;o:han e These graphical interpretations can also be described / =5 \ i
; . g algebraically. }
sacant line 3
#ayGoncent Increasing, Decreasing, and Constant Functions
Words Afunction fis increasing on an interval / Example ¥
if and only if for any two points in £, a
e ; y i) + |
posiiive change in x resuits in & positive
changs in f{x). flxad +
Symbols Far every x; and x, in an interval , | L
1 ) < f{x;) when )y < X, / 0 ;(1 ;(2 X
Interval: {(—oo, o)
Words Afunction fis decreasing on an interval [ Exampile \ ¥
if and only if for any two pointsin /, a
nositive change In x results in a negative f(x) +
change in {x). fx)
Symbols  For every x, and x, in an intervai / a1 { -
(X} > 1) when X < X, X X,
Interval: {—oc, oo}
Words Adunction fis constant on an interval / Example \ y
if and only if for any two pointsin/,a
positive change in x results in a zero _ 1
change in flx). i) = )
Symbols  For every x; and x, in an interval /, - |
F(x) = F{x;) when x; < X,. 0l x X% ¥
Interval: (a, b)




Intgreats A function [ neither
increasing nor tecreasing ata
poirtt, 50 the symhols { and }
snoufd be used when describing
ihe intervals on which & funclion
s increasing or decreasing.

wTip

© Ineveasing, Decreasing, and

¢ Constant Functions Functions

| that increase, decrease, or are

L constant for all xin thelr domain

. are called increasing, decreasing,
o o constant functions, respectively.
i The funciion in Example 1a s a

¢ decreasing function, while the

¢ function in Example 1h canrnot be
- uhassified as increasing or
tecreasing because it has an

¢ lerval where i is increasing and
. another interval where it is

decreasing.

: ; Use the graph of each function to estimate intervals to the nearest 0.5 unit on which the

function is increasing, decreasing, or constant. Support the answer numerically.
a. flx)= —2y3 : Y
Analyze Graphically \
When viewed from left to right, the graph of f falls [fd =—2 JLSJ:
for all real values of x. Therefore, we can conjecture \ ]
that f is decreasing on (—oo, o), [s]A\ X
; Support Numerically I
3 Create a table using values in the interval. Y
8 -5 —4 —2 H 2 4 & 8
1024 432 128 16 G -16 128 —432 | —1024

The table shows that as x increases, f(x) decreases. This supports the conjecture.

b glo)=x*—3x BEEE
Analyze Graphically “[g(x) = 58— 3y }7
From the graph, we can estimate that fis increasing 7 '
on (—oo, —1), decreasing on (—1, 1), and increasing i ]
on (1, o0). Op | f X
Support Numerically
Create a table of values using x-values in each interval.

-1 -9 o —5 -3
| 1298 | 702 | —a22 | —110 | —i8
l —0.5 0 0.5 675

1.375 0 --1.375 --1.828
i
! 3 5 7 9 11 13
18 110 322 702 1298 2158

The tables show that as x increases to —1, f(x) increases; as x increases from —1 to 1, f(x)
decreases; as x increases from 1, f(x) increases. This supports the conjecture.

1A, ¥ 1B. y
! \ | 1
i \ { / 1\
! \ / ol 11\ Ix
! ) t .
Ix+11ifx< =31
Ry / ”(X)“{ 17 x> 3.

While a graphical approach to identify the intervals on which a function is increasing, decreasing,
or constant can be supperted numerically, calculus is often needed to confirm this behavior and to
confirm that a function does not change its behavior beyond the domain shown.
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/_
StusdyTip
Tangent Line Recall from
geometry that a line is tangent to

a curve If it intersects a curve in
exactly one point.

y
vertical

tangt{l\t}lm/e,)y
(o] —/h\ X

point of

L inflaction

|

> Critical points of a function are those points at which a line drawn y

HeadinoMath

Plural Forms  Using Latin,
maxima is the plural form of
maximum, minima s the plural
form of minimum, and extrema is
the plural form of extremum.

e,

maximsm
tangent to the curve is horizontal or vertical. Extrema are critical By point of
points at which a function changes its increasing or decreasing inflaction
behavior. At these points, the function has a maximum or a
minimum value, either relative or absolute. A point of inflection
car also be a critical point. At these points, the graph changes its 0 X
e . . . minimum
shape, but not its increasing or decreasing behavior. Instead, the
curve changes from being beni upward to being bent dowmnward,
or vice versa.
Heyloncept Relative and Absolute Extrema
Words A relative maximum of a function fis the Model
greatest value f(x) can attain on scme interval
of the domain. y
Symbois fla} is a relative maximum of fif there exists o)+ m
an interval {x,, X,) containing 4 such that flay +
fla) > Fix) for every X < ain (x, X,). A
O, 1 i X
Words If a relative maximum is the greatest vaiue a a U b \4
function fcan attain over its entire domain,
then it Is the absolute maximum. f(a) s a relative maximum of
Symbols  fi£) is the absolute maximum of £if f(6) > f(x) f(b) is the absolute maximum of £
for avery x < b, in the domain of £
Words A refative minfmum of a function fis the least Model
value f(x) can attaln on some interval of the
domain.
Symbols f(2) is a relative minimum of £if there exists
an interval (x4, x;) containing & such that fa) -
flay < flx) Tor every x <= ain {x;, X}
f(B) -
Words I a relative minimum is the least valus a 5 } } >
function fcan attain over its entire domain, a b
ihen it is the absofufe minimum. ) . .
i f(a) Is & relative minimum of £
Symbols 75} is the absolute minimum of fIf f(b) < f(x} #{b} is the absolute minimum of £
for every x 5= b, in the domain of £

Analyze Graphically

Estimate and classify the extrema for the graph of f(x).
Support the answers numerically.

It appears that f(x) has a relative maximum at x = —0.5
and a relative minimum at x = 1. It also appears that

i fto)

= —ooand J,:Iim f(x) = o0, so we conjecture that
e O

this function has no absolute extrema.

Support Numerically

[
f#ﬁ:ﬁ—ﬂmx
Y

Choose x-values in half unit intervals on either side of the estimated x-value for each extremum,
as well as one very large and one very small value for x.

-1 —h.5

0.5

0125

—0.63

-1 —0.38 | 9.9.10°

Because f(-0.5) > f(—1) and f(—0.5) > f(0), theze isa relative maximum in the interval (-1,0

near —0.5. The approximate value of this relative maximum is f{—0.5) or about 0.13.
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Logad Extrera Relative extrema
are also called Jocal extrema, and
ahsoluie extrema are alse called

global extrema.

Likewise, because f(1) < f(0.5) and f(1) < f(L.5), there is a relative minimum in the interval
(0.5, 1.5) near 1. The approximate value of this relative maximum is f(1) or —1.

f(100) >.f{—0.5) and f{—100) < f(1), which supports our conjecture that f has no absolute
extrema.

Practice

Estimate and classify the extrema for the graph of each function. Support the answers
numerically. ‘

2A. 7 LI I 2B. ¥ T4
Y 7
r.]f(x) X x4 3% 4 2 \
1/

\ 0 X

[ Ix \
\
I\
Y

Vi Hg0d = £ = 2% = 2x° + 34

Because calculus is needed to confirm the increasing and decreasing behavior of a function,
calculus is also needed to confirm the relative and absolute extrema of a function. For now,
however, you can use a graphing calculator to help you better approximate the location and
furction value of extrema.

Technnlg

£ooming When locating maxima

il minima, be suire to zoom in or
ot encugh in arder to see details

and ihe everall appearance of the

oraph. The standard window may

fot tefl the entire story.

phing Approxirate Exti
GRAPHING CALCULATOR Approximate to the nearest hundredth the relative or absolute extrema
of f{x) = —4x° — 8x* 4 9x — 4. State the x-value(s) where they occur.

Graph the function and adjust the window as
needed so that all of the graph’s behavior

|
is visible. u-\l
Jf \g(x) =—4x° —Bx2 4+ 9x—4
_(l'

[-5, 5] scl: 1 by [—30, 10] scl: 4

From the graph of f, it appears that the function has one relative minimum in the interval
(—2, —1) and one relative maximum in the interval {0, 1) of the domain. The end behavior
of the graph suggests that this function has no absolute extrema.

Using the minimum and maximum selections from the CALC menu of your graphing calculator, you

can estimate that f(x} has a relative minimum of —22.81 at x = —1.76 and a relative maximum of
—1.93 at x == 0.43.

- g \/ l \'i:"'[H“B"IHH"‘Zi-HH"H
H

TR
=-1 FEESFN Y= -zEEi37 ¥2.43E0510, Y=-1.927040
[—3, 0.5] scl: 1 by [—28, 12] sci: 4 [—0.9,1.6]sch 1 by [—7.3, 2.7] scl: 4

=iPractice

GRAPRING CALCULATOR Approximate to the nearest hundredth the relative or absolufe extrema
of each function. State the x-value(s) where they occur.

38, hix) =7 - 5x - 6x7 3B, gx)=20"—4x? —x+5
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Beal-Worldblink

Florida produces 95% of the
orange crop for orange juice in the
United States. In a recent year,
more than 880,000 tons of
oranges were consumed in

" the United States.

Souzrce: LS. Depariment of Agriculturs

Optimization is an application of mathematics where one searches for a maximum or a minimum
quantity given a set of constraints. If a set of real-world quantities can be modeled by a function,
the extrema of the function will indicate these optimal values.

[

9 itz uitias Use Extrema for Optimizal
AGRICULTURE Suppose each of the 75 orange trees in a Florida grove produces 400 oranges per
season. Also suppose that for each additional tree planted in the orchard, the yield per tree

decreases by 2 oranges. [ow many additional trees should be planted to achieve the greatest

total yield?

!

Write a function P(x) to describe the orchard yield as a function of x, the number of additional
trees planted in the existing orchard.

P(x) = (75 + x) . | (400 — 2x)

We want to maximize the orchard yield or P(x), Graph this
function using a graphing calculator. Then use the maximum
. selection from the CALC menu to approximate the x-value

| that will produce the greatest value for P(x).

quimum____m-;.q
R=he. 499085 y=37BLe.C

[-100, 221.3] scl: 1 by
[—12270.5, 87900] scl: 5000

The graph has a maximum of 37,812,5 for x = 62.5. So by
planting an additional 62 trees, the orchard can produce
a maximum yield of 37,812 cranges.

Lonaiie Practice

4. CRAFTS A glass candle holder is in the shape of a right circular cylinder that has a bottom and
no top and has a total surface area of 107 square inches. Determine the radius and the height
of the candle holder that will allow the maximum volume,

yarane Rals of GHange Inalgebra, you learned that the slope between any two points
on the graph of a linear function represents a constant rate of change. For a nonlinear function,
the slope changes between different pairs of points, so we can only talk about the average rate of
change between any two points.

“ayConcept Ave_rage__ﬂat'e of Changé |

Words The average rate of change Modetl
hetween any two points on the graph
of fis the slope of the line through

those paints. o ¥ (%, f(x))

X, F(X,))
secant line

Geometry  The line through two points ona {
curve Is called a secant line, The -
slope of the secant line is denoted Mg,

The average rate of changs an |
the interval [x, X} is ol |

Symbols

fixg) — flxy)

When the average rate of change over an interval is positive, the function increases on average over
that interval, When the average rate of change is negative, the function decreases on average over
that interval.
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Find the average rate of change of f(x) = —x° + 3x on each interval.

a [~2,—1]

Use the Slope Formula to find the average rate of change of f on the interval [-2, —1].
Jlrg = flvg) _ F=1 —£(=2)

Xy Xy -1 —(=2)

_ = 48] - (2 +3(-2)

i e

~1—(-2)

_;z__“i — R TITEe

3 G oy or —4 i

Figure 1.4.1 i The average rate of change on the interval [—2, —1] is ~4, Figure 1.4.1 supports this
o ‘ conclusion.
' boro1]
f(?fz) _f(I]) = o —10 SebEiuie T fop el Oy
"1-—-1‘1 _ 1_0 RN LRSS EARE o s

42_0 AT
_l_oorZ SRR ik

The average rate of change on the interval [0, 1] is 2. Figure 1.4.1 supports this conciusion.

Practice

Find the average rate of change of each function on the given interval.

BA. f(x) = 23— 2%~ x4 22, 3] 5B. f(x) = x4 — 6x2 + 4x; [-5, —3]

Average rate of change has many real-world applications. One common application involves the
average speed of an object traveling over a distance d or from a height 1 in a given period of time f.
Because speed is distance fraveled per unit time, the average speed of an object cannot be negative.

PHYSICS The height of an object that is thrown straight up from a height of 4 feet above
ground is given by k() = —16t* + 30t + 4, where £ is the time in seconds after the object is ‘
thrown. Find and interpret the average speed of the object from 1.25 to 1.75 seconds.

(t)) = M{t;)  h{1.75) - }(1.25)
f,—t;  L75-123

_ [=16(1.75)" + 30(L75) + 4] — [—16(1.25)2 4 30(1.25) + 4]

Pupliate S

constan

0.5
_75-165
=== ot 18
The average rate of change on the interval is —18. CI % [ TT 11|
Thezefore, the average speed of the object from 1.25 g4 |‘h( 0 - 1617 301+ 4
to 1.75 seconds is 18 feet per second, and the distance %8 e
. the object is from the ground is decreasing on average | A ’f
- over that interval, as shown in the figure at the right. 121
. \ ol )
U o ai resistance, a fallng | t
object wij| eventually reach a O 105 15120

ot Uvalogity known as
bitninal velocity. A skydiver with :
4 tloseqd parachute typicaliy |

feaches termingl yefpj
10 150 mles per hsuf;.cﬁy 07120 6. PHYSICS If wind resistance is ignored, the distance 4(t) in feet an object travels when dropped

Sourca: ; from a high place is given by d(t) = 162, where  is the time is seconds after the object is
HSH Encart ; \ . :
e 7__J dropped. Find and interpret the average speed of the object from 2 to 4 seconds.

Practice

@connect.ED.mc“gr.é.wvhiitcomi 39



Use the graph of each function to estimate intervals to
the nearest 0.5 unit on which the function is increasing,
decreasing, or constant. Support the answer numerically.

G T

11,

BASKETBALL The height of a free-throw attempt can be
modeled by f(£) = —16t% + 23,8t + 5, where ¢ is time in
seconds and f(t} is the height in feet. 1oz

a. Graph the height of the ball.

1. L-B VI 2. ;B§y[ (T 111 h. Estimate the greatestheighfcreachedby the ball.
i *1f£x)l— = ): _4;2;2} Support the answer numerically.
—t 4 T
iy y :
- Stimate and cilassi e exirema for e gra) 0l eac
% — x4 3 _jf A t\ function. Support the answers numerically. x5
¥ 12 [T @
Lig —]>+«8 8 i a
R o eyl
[N = x—3x' 4 22 j 2 //‘J_
! [
) = X =3 = x+ 1] [N Apfn
_ . I “1 =2 ol N2] 4% i g 7
3 *%3 4 4 nyL)'() = x5 43X ]L4 \ ) :
% ] \ |
: f
N / l ° L
~8 |—4 O\\ 4 X l'lin X
- . 15.
N EE=iis 00
8 ! ol ,‘ 800 f
/ ) [
5 , g4 [@| |4 87 4i4 7 o] TX | 4
' Bﬁy! L Lg ' ! P 0 {800
fla) = X% P | —-—rfl{x) = X°— 20x*+ 3x'|
J_l \ //’ Y Tt S0 S A S S
] .
-8 -4 | 4 1 8x -16 -8 |0 Eli 1161{ 16 [ 17 7]
4 mBJf(X) _ 2 . ’— 240 ¥ 4\ . B 4
78 T (G ,
- f B /
R \\4 % =T 2 Gl 112 | 4%
Il | 240 ?\J %4 .
4 4 [ }4 *“‘;a'/ T T 6 5_ .4 3
/ . / / 7R = 05x' — 4 —8x 1 10x | [fd = —x + x°— 3x°— X"+ 8x"]
“8 [Z4 [O|\ 4 /8x 517 o 8%
4 ] 18. 7 19 T AL
j | 8 12t o
/ T [ 1o X0 = —x + dx' = 4x°|
|U r ‘u 7 . 4 !l/f
flx) = 25x+11 ffx= -2 —0.5x%—4x ifxs—4
TL05C— x4+ 21 x>0 |[f() ={—05x - it —4<x<4 -8 -4 10l X\ 14 | Bx 1 o1 % 1 [/A x
8¢+ B0x— 190 if x> 4 LA ir / \1
jf(x}:xhs)cﬁ' :n {
g 0 Yo N 1 hi
8 I .
12} 8 :
¥, 2 [[TW lyﬂ\ 21, R
& 4 I
\ - L 16 [f \\ LI
g =418 | 4 | 8x 8 \ —1f T
e e T N LR
ERRR Yamma N I T R L EER R W
1o 747‘, = VX X< O kﬁ_g | % —
Lt { M S — — — — e | S
f{x)_{—a ifx= -5 ! i85 . i B .
TU-K-Tx 1 X> -5 [fid = —0.5x*+ 2563 + x — 6.5x 1) = x' — 40 =

v
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CRAPHING CALCULATOR Approximate to the nearest hundredth

the relative or absolute extrema of each function. State the
\-value(s) where they occur. e 3

2.
23
24,
25.
2.
27,
28.
29,
30.

32,

FItY)
3t

) = 1 —6x2 + 8
olv) = —2x3 4+ 7x =5

f) = x4 32

"(\) = ,\’4 - 2x2 + bx

jiy =" = 2x° — 6x =2

f‘('\) = —xS -+ sz +x— 1

6 4
qry=x"—4dx" +x

alx
= 0.008x5 — 0.05x — 0.2x%% + 1.2x2 — 0.7

)
) = _\‘7 + 6x2 —4
¥y = 0.025x% — 0.1x% + 0.57x% + 1.2x% — 36z — 2

GRAPHIC DESIGH A graphic designer wants to create a
rectangular graphic that has a 2-inch margin on each side
and a 4-inch margin on the top and the bottom. The
design, including the margins, should have an area of
392 square inches. What overall dimensions will
maximize the size of the design, excluding the margins?
{Hini: If one side of the design is x, then the other side is
392 divided by .} v wepe 4

33. GEOMETRY Determine the radius and height that will

maximize the volume of the drinking glass shown. Round
to the nearest hundredth of an inch, if necessary. xampiz 4!

—

T

oy
L@ v

SA = 205w int

. »

[ nd the average rate of change of each function on the
given interval. ¢ e

34.
35.
36,
7.
38.
39,
40,
41,

42,

43,

44,

45,

G) = —dx? o 3y — 4 [, 3]

2(0) =352 - 8x 4+ 2: [4, 8]
=303~ 262 4 6; 2, 6]

Fx) = —2x% 492 4 0y 8;[-2,3]
FUx) = 3xt = 292 gy 1[5, 9%
M) = ~2x* = 52% 4 4y — 6, [—1, 5]
My = x> 52 4 gy 9; [3, 6]

M) =25 oyt gy 12; (-5, ~1]

_ X5

fl = X256 o
=y 78, (—4, 4]
D =xTF; (8, 15]

46.

WEATHER The average high temperature by month in
Pensacola, Florida, can be modeled by f(x) = —0.9x% +
13x 4 43, where x is the month and x == 1 represents
January. Find the average rate of change for each time
interval, and explain what this rate represents. iEamgle i)

a. April to May

b. July to November

(47) COFFEE The world coffee consumption from 1990 to 2000

48.

49,

50.

can be modeled by f(x) = —0.004x* + 0.077x3 — 0.38x% +
0.46x + 12, where x is the year, x = 0 corresponds with
1990, and the consumption is measured in millions of
pounds. Find the average rate of change for each time
interval. iExample i)

a. 1990 to 2000 b. 1995 to 2000

TOURISM Tourism in Hawaii for a given year can be
modeled using f(x) = 0.0635x% — 2.49x + 37.67x* —
275.3x3 + 986.6x% — 1547.1x + 1390.5, where 1 < x < 12,
x represents the month, x = 1 corresponds with May 1st,
and f(x) represents the number of tourists in thousands.

a. Graph the equation.

b. During which month did the number of tourists reach
its absolute maximum?

¢. During which month did the number of tourists reach
a relative maximum?

Use the graph to complete the following.

= 60 -
:é 50 /f{
8 w0
§' 30 }/
20
10 /
0

5 10 15 20 25 30 35 40 45
Time (s)

a. Find the average rate of change for [5, 15}, [15, 20], and
[25, 45].

b. Compare and contrast the nature of the speed of the
object over these time intervals.

¢. What conclusions can you make about the magnitude
of the rate of change, the steepness of the graph, and
the nature of the function?

TECHNOLOGY A computer company’s research team
determined that the profit per chip for a new processor
chip can be modeled by P(x} = ~x3 + 5x% + 8x, where x
is the sales price of the chip in hundreds of dollars.

a. Graph the function.
b. What is the optimum price per chip?
¢. What is the profit per chip at the optimum price?

@'c"o%{né.};'téb.m'c'g'raw'ih'mﬁéu'rﬁE a1 P
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51. INCOME The average U.5. net personal income from 1997
to 2007 can be modeled by I{x) = ~1.465x% + 35.51x* —
277.99x% + 741.06x2 + 847 8x + 25362, 0 < x < 10, where x
is the number of years since 1997.

a. Graph the equation.

b. What was the average rate of change from 2000 to
20077 What does this value represent?

¢. Inwhat 4-year period was the average rate of change
highest? lowest?

§2. BUSINESS A company manufactures rectangular
aquariums that have a capacity of 12 cubic feet. The glass
used for the base of each aquarium is $1 per square foot.
The glass used for the sides is $1.75 per square foot.

a. If the height and width of the aquarium are equal,
find the dimensions that will minimize the cost to
build an aquarium.

b. What is the minimum cost?
¢. If the company also manufactures a cube-shaped

aquarium with the same capacity, what is the
difference in manufacturing costs?

53, PACKAGING Kali needs to design an enclosed box with a
square base and a volume of 3024 cubic inches. What
dimensions minimize the surface area of the box? Support
your reasoning.

Sketch a graph of a function with each set of characteristics.
84, f{x)is continuous and always increasing.
55, f(x) is continuous and always decreasing.

56. f(x)is conﬁnuc;us, always increasing, and f(x} > 0 for all
values of x.

57. f(x)is continuous, always decreasing, and f(x) > 0 for all
values of x.

58. f(x)is continuous, increasing for x < ~2 and decreasing
for x > —2.

59, f(x) is continuous, decreasing for x < 0 and increasing for
x>0

Determine the coordinates of the absolute extrema of each
function. State whether each extremum is a maximum or
mintmum value.

60. f(x)=2(x—3)* +5
61, f(x) =05 +57*—1
B2. f(x) = —d]x — 22| + 65
63. f(x)=4(Bx—7)*+8
64. f(x) = (36 — x93

B5. f(x) = —(25 —x%)%®

66. f(x) =x>+x
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67.

68.

TRAVEL Each hour, Simeon recorded and graphed the
total distance in miles his family drove during a trip. Give
some reasons as to why the average rate of change varles
and even appears constant during two intervals.

... 600
w
=
'E /
=400 -
s
.._..._/

B 200 et
=}

0

2 4 6 8 10
Time (hours)

PCINTS OF INFLECTION Determine which of the graphs in
Exercises 1-10 and 12-21 have points of inflection that are
critical points, and estimate the location of these points on
each graph.

OPEN ENDED Sketch a graph of a function with each set of
characteristics.

69.

70.

infinite discontinuity aix = -2
increasing on (—eo, —2)
increasing on (2, o)

f(—6) = -6

continuous
average rate of change for [3, 8] is 4
decreasing on (8, o0)

=2

REASORING What is the slope of the secant line from
(a, f(@)) to (b, f(B)) when f(x) is constant for the interval
[2, B]7 Explain your reasoning.

72, REASONING If the average rate of change of f(x) on the

73,

interval (s, b} is positive, is f(x) sometimes, always, or never
increasing on (g, b)? Explain your reasoning.

CHALLENGE Use a calculator to graph f(x) = sin x in
degree mode. Describe the relative extrema of the
function and the window used for your graph.

74. REASONING A continuous function fhas a relative

minimum at ¢ and is increasing as x increases from c.
Describe the behavior of the function as x increases to c.
Explain your reasoning.

75, WRITING IN MATH Describe how the average rate of change

of a function relates to a function when it is increasing,
decreasing, and constant on an interval.

- “




79, f0 = 80. f(x) =223 B1. gl) =

béfermi e whether each function is continuous at the given x-value(s). Justify using the
continuity test. If discontinuous, identify the type of discontinuity as infinite, jump, or

! ' 2 _
. = ¥ 2;x=-3 o flxy=vx+1;x=3 78, h(x):%—_%;x:—Sandx:S

| GRAPHING CALCULATOR Graph each function. Analyze the graph to determine whether each

function is ewer, odd, or neither. Confirm algebraically. If odd or even, describe the symmetry
of the graph of the function. (e -2

2
x+3
Seate the domain of each function. asmnt |

82 [1) = .12_335 83 g()=Va® 9 B4, hix) = %

x -1 [
85. Find the values of x, ¥, and z for 3 [4 ¥ 3z ] = [ 162; 3x6+ y] L ilenson Q4

86. If possible, find the solution of y = x + 2z,z = 1 2x, and x = y — 14. dusnon 1-5]

-Solve each equation. i

87. ¥2 4 3x—18=0 8. 2% +1a—21=0 89, 72 —4z-21 =0
Simplify. Qe .
90, " 91. (7 — 4i) -+ (2 — 3i) 92. (—;— + i) —2—9)

83. ELECYRICITY On a cold day, a 12-volt car battery has a resistance of 0.02 chm. The power
available to start the motor is modeled by the equation P = 121 — 0.021%, where [ is the

current in amperes, What current is needed to produce 1600 watts of power to start the
motor? ileasne

94. SAT/ACT In the figure, if 4 # n, what is the slope of the 96. The functionf(x) = x* + 2x2 — 4x — 6 has a relative
line segment? maximum and relative minimum located at which
v of the following x-values?
, A relative maximum at x = --0.7,
(6. ¢ relative minimum at.x =~ 2
B relative maximum at x = —0.7,
relative minimum at x = 2
(n n?) C relative maximum af x = —2,
o) . relative minimum at x = 0.7
D relative maximum af x = 2,
2 relative mintmum at x = 0.7
Agtn c £11 R
wen i 97. REVIEW A window is in the shape of an equilateral
B g-n D E—:}_—n triangle, Each side of the triangle is 8 feet long. The
window is divided in half by a support from one
95. REVIEW When the number of a year is divisible by 4, vertex to the midpoint of the side of the triangle
th.en a leap year occurs. However, when the year is opposite the vertex. Approximately how long is the
divisible by 100, then a leap year does not occur support?
unless the year is divisible by 400. Which is riot an F 57
exampl 7
ple of a leap year? G 69 f
F 1884 H 1904
G 1900 104 H 1131t
J 1940 ] 139 ft
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i x4+ Ty=21 ] . PR
3 7 | 115
[ ] 4 X
3 \!\ ¥y ¥ oY
VAT A
, ENRE (SRR
“§ -4 10| | 4 _?1 =8 |-4 o\\- 7| Bx
JAPYHA -8
| i Wl \

a3 if x<? o

5. Evaluate f(2)f0rf(x)={ X410 if x>2 vt

6. SPORTS During a baseball gams, a baiter pops up the ball to the
infleld. After £ seconds the height of the ball in feet can be modeled
by H{f) = 162 4 50f + 5. ivesssn -1

a. What is the baseball’s height afier 3 seconds?

bh. What is the relevant domain of this function? Explain your
reasoning.

Use the graph of each function to find its p-intercept and zero(s). Then
find these values algebraically, (Lzex 35

7. LRy 8. ¥ ]
TN - -
YR 1 o ]

f \ I 4 i x):_# Ny
—2 Jo\ 1 2 1]« - y Al ]
PN /I - ‘
Y X
Y Al O 18116 24 ]
Y L YIfix) = x¥— 16X i | |

Uise the graph of A to find the domain and range of each function.
R

8 1 1] 10. Yl |
- Ll f;(x)
T 5 .
[¢) X ol 1 X

1 44 | Chapter 1 | Mid-Chapter Quiz

Determine whether each function is continuaus at x = 5. Justify your
answer using the continuity test, @ rowm 1

2
12, fl) = -*—

=2 —
1. flx)=vx*—36 S

Use the graph of each function fo describe its end behavior.

18, [ ]

Ramst==SSEAJEECED \aans
=51
\‘1
CAREN k
8 -4 [ 4 8x —8 -4 10 éll E?x
O e
C TN T

15, WIULTIPLE CHOICE The graph of £{x) contains a(n
discontinuity at x = 3. iLeus 35

Xz_u——v. ‘Jniy }(

g . -
f(x):{m‘f“”’ e
3ifx =3 4t
T T - 2
LY
—f|3 A 4 8x
» T T -
__“8..
L 1 |
A undefined
B infinite
C jump
D removable

Use the graph of each function fo estimate intervals to the nearest 0.5
unit o witich the function is increasing, decreasing, or constant.
oy s

168, [ ] BY 4 17. ActY i |
|| jf\;'
! H \
V1 \ -
—§ 4 [of\ 41 8x -5 |4 4| 8k
| Vi) = xF —Bx +5 1 ‘;D\ N
RN EEERAANEE

18. PHYSICS The height of an object dropped from 80 feet ahove the
ground after ¢ seconds is f(t) = '—16t2 + 80. What is the average
speed for the object during the first 2 seconds after it is dropped?

st B
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& You analyzed graphs
of functions.

parent function
constant function

zerg funciion

identity function
nuadratic function

cubic function

square root function
reciprocal funclion
absolute value function
slep function

greatest integer function
transformation
{ransiation

reflection

dilation

Identify, graph, and
! describe parent
functions.

 [dentify and graph
= {ransformations of
parent functicns.

fx) = x*.

& The path of a 60-yard punt can be modeled
by the function at the right. This function is
related to the basic quadratic function

80

[ <]

15

hix) = ——oxt 4 dx+ 1] |

60 /"‘if

40 / \

Vertical Distance {yd)

X

20 40 60

Horizontal Distance (yd)

80

Parent Functions A family of functions is a group of functions with graphs that display one
5 or more similar characteristics. A parent function is the simplest of the functions in a family.

This is the function that is transformed to create other members in a family of functions.

In this lesson, you will study eight of the most commonly used parent functions. You should
already be familiar with the graphs of the following linear and polynomial parent functions.

ﬁ{w@mmem Linear and P_olyndmia! Parent Functions

A constant function has the form f{x) = ¢, where ¢'is any
real number. Its graph is a horizontal line. When ¢ = 0, flx) s

the zero function.
YT LT
170 =cl | |

H

v

O X

Tha identity function f{x) = x passes through all points
with coordinates {a, a).

1]
L L[f0 = X

4] X

The quadralic function f{x) = x? has a U-shaped graph.

MO 14
Vg — el

The cubic function f(x) = x® is symmetric about the origin.

L] 4¥i4
/

fix=x*

5{ o] X
/
|

You should also be familiar with the graphs‘ of both the sguare root and reciprocal functions.

S

KeyConcept "Square Root and Reciprocal Parent Funcfions

The sguare roet function has the form 7x) = Vx.

Y
L T = |
[00=vx] |
=
o]} X

1

The reciprocal function has the form fx) = .

i

il

@ConnectEDmcgraw—hiI.co:iLE




Another parent function is the piecewise-defined absohute value function.

| fLeyConcept Absolute Value Parernt Function

Words The absolute value function, genoted f(x) = 1x1, s a Model
V-ghaped function defined as ¥
f(x)={ e : “
Examples  |-6| =4,10| =0, [4| = 4 T |o *
flxd=x
R

A plecewise-defined function in which the graph resembles a set of stairs is called a step function.
The most well-known step function is the greatest integer function,

\ ﬂ%yﬁoncem Greatest Integer Parent Function

S%a{gﬁyﬁp Words The greatest integer funciion, denoted f(x) = [¥], is Mode!
Floor Function The greatest defined as the greatest integer less than or equal to x. ¥
integer function is also known as 1
the floor funiction. Examples —A4] = —4,[-1.5] = -2, |[—]| =

p [[ 41] [[ 1 ]I 3 0 f(X)=[IXy

N
(9] X
. /

Using the tools you learned in Lessons 1-1 through 1-4, you can describe characteristics of each
parent function. Knowing the characteristics of a patent function can help you analyze the shapes
of more complicated graphs in that farmily.

Describe the following characteristics of the graph of the parent function f(x) = /¥: domain,
range, intercepts, symmetry, continuity, end behavior, and intervals on which the graph is
! increasing/decreasing.

[ The graph of the square root function (Figure 1.5.1) has the following characteristics.

[: i * The domain of the function is [0, co), and the range is [0, o).
L] & The graph has one intercept at (0, 0).

LA ® The graph has no symmetry. Therefore, f{x} is reither odd nor even.
[¢) X ® The graph is continuous for all values in its domain.

¢ The graph begins at x = () and J}Lr&f(x) = o,
Figure 1.5.1 ® The graph is increasing on the interval (0, co).

siPractice

-

+ Describe the following characteristics of the graph of the parent function f(x) = |x|: domain,
range, intercepts, symmetry, continuity, end behavior, and intervals on which the graph is
increasing /decreasging,

ig% Tronsiormatiens Transformations of a parent function can affect the appearance of the
# parent graph. Rigid transformations change only the position of the graph, leaving the size and
shape unchanged. Nonrigid transformations distort the shape of the graph.
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A translation is a rigid transformation that has the effect of shifting the graph of a function. A
vertical translation of a function f shifts the graph of f up or down, while a horizontal translation shifts
the graph left or right. Hosizontal and vertical translations are examples of rigid transformations.

KeyConcept Veﬁical and Horizof_ltal Transiations

Vertical Translations Horizental Translations

The graph of glx) = fx) + kis the graph of f{x} translated | The graph of g(x) = f(x — #) is the graph of fix) translated
e juniis up when & > 0, and s funits right when # > 0, and
s funits down when K< . ¢ funits left when < 0.

L

< glxy=Hr—h

By

o]

¥ 14

= '
[8] X
B )

it

- £ Use the graph of f(x)
T S EFsETeE T !
TechnotogyTip L oa gl=|x+4

|
]

Wransiations You can franslate 2 This function is of the form g(x) = f{(x) + 4. So, the graph of g(x) is the graph of f(x} = |z

graph using a graphing caiculator. . i i
Under E place an equation in translated 4 units up, as shown in Flgure Loz

Y1. Move to the Y2 ling, and then : b. g(x) = |x+ 3]

[ VAR
Pf??f__LﬁE This function is of the form g(x) = f(x + 3) or g(x) = f[x — (-3)]. So, the graph of g(x) is the

[ENTER ) This will i
- : place Y1 in the ; 2
Y2 Tiie. Enter a number to graph off(x) = |x| translated 3 units left, as shown in Figure 1.5.3.

Fr;_a(gfg@e_ﬁ)e function. Press 6. gy =|x—2| -1
| Graph |1 i
aph |. The two equations This function is of the form g(x) = f{x — 2} — 1. So, the graph of g(x} is the graph. of f(x) = |x}

will be graphed in the same
. window, translated 2 units right and 1 unit down, as shown in Figure 1.5.4.

——
gxt=lxl+4

yi[\

N 7= L4 (00 = Ix]

A

| - i . ) X
= Ix| o/ £\
= i PR e A o 1 Lt B

Figure 1.5.2 Figure 1.5.3 Figure 1.5.4

iPractice Use the graph of f(x) = ¥ to graph each function.
20 R(x) =x*-5 2B, h(x) = {x -3y 2. ) =(x+2%+4
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¥
\ .
J3‘(){) =i
0 X
Figure 1.5.5

Another type of rigid transformation is a reflection, which produces a mirror image of the graph of
a function with respect to a specific line.

[ﬁ gﬁnﬁcepﬁ Reflections in the Coordinate Axes

Reflection in x-axis Refleciion in y-axis

g% = —F{x) is the graph of f{x) reflected in the x-axis. g(%) = f{—x) is the graph of F(x) reflected In the y-axis.
¥

o = A | [y= 100

o X o

I

When writing an equation for a transformed function, be careful to indicate the transformations
correctly. The graph of g{x) = —Vx — 1 + 2is different from the graph of g(x) = w(\/ x—1+ 2).

¥y I 1 y
1 :
X
g = VX =T+ 2 tgly) = —( x—1+E]
e S| ]
~0 )“J-? 1]

Describe how the graphs of f(x) = x* and g(x) are related. Then write an equation for g(x).

e [T ‘ o ]

| Il — {y = glx) fﬁ

’ L Hy=9W ]

;i ) ¥ X X l 8] \ X

i

i A |

| | / \

( The graph of g(x) is the graph of f(x} = x? The graph of g(x) is the graph of f(x) = 2
| translated 5 units to the right and reflected reflected in the x-axis and translated 2 units
in the x-axis. So, gix) = —(x ~ 52, up. S0, g{x) = —x2 42

f iPractice

| Describe how the graphs of f(x) = % and g(x) are related. Then write an equation for g(x).

‘ 3h. [ ¥y 3B, -~ ,,A vjh
i

L g s R
| & s I

1 i

| L Y \d
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vTip

nlatioes Sometimas pairs of
dilations look similar such asa

| ertical expansion and a

i hogizonlal compression. It is not
: passivie to tell which dilation a

canstormation is from the graph,
vou must compare the aquation of

ihe iransformed function to the
parent function.

)

Adilationisa nonrigid transformation that has the effect of compressing (shrinking) or expanding
(enlarging) the graph of a function vertically or horizontally.

é&yﬂa-n:cepi Verti_(_:al' and'H_o_rizonta_l_Trar_lslations _

Vertical Dilations

If @ is A positive real numbsr, then g(x) = a = f(x),is
e he graph of f{x) expanded vertically, if a > 1.

e the graph of fix)} compressed vertically, if 0 < a < 1.

g(x—a flx).a>1

Y

Horizontal Ditations

If ais a positive real number, then glx) = f(ax), Is

e the graph of f(x) compressed horfzontally, if 2 > 1.
o the graph of flx) expanded horizontally, if0 < a< 1.

gl =tHax), a>1

Y
y=1x
- S -
¥
=10
/
/7 0

latx) = fax), <4 <1

Identify the parent function f(x) of g{x}, and describe how the graphs of g(x) and f{x) are
related. Then graph f(x) and g(x) on the same axes.

a. gl = %xs

The graph of g(x) is the graph of
f(x) = x° compressed vertically because
olx) = %xs = i—f(x) and 0 < % <1

b, g = —(0.2¢)°
The graph of g(x) is the graph of
f(x) = x* expanded horizontally
and then reflected in the x-axis because

g(x) = —(0.22 =

“Practice
gy =[x} -

—f(0.2x) and 0 < 0.2 < 1.

RN
Ly /
[fd=x ?L’I'/g
-,=’71;'0 1
// T1-g(x):lx“
Fivl |
h | V4 | ]
\ 2 f =

8. g =243

You can use what you have learned about transformations of functions to graph a
plecewise-defined function.

ﬁ conneciED.mcgraw-hiH.comi




3% if x<-—1
Graph f(x) = -1 i —I=x<4d
(x—50+2 if x=4

g | On the interval (—oc, —1), graph y = 32, RY; 7
g On the interval [—1, 4), graph the constant function y = —1. i /
On the interval [4, oo), graph y = (x — 5)° + 2. {

! Draw citcles at (—1, 3) and (4, —1) and dots at (=1, —1) and
{4, 1) because f{(—1) = -l and f(4) = 1. 5] %

iPractice _ o

Graph each function. _

x—5 i x=0 (x+6)? if x<—5

BA. g() =1 % if 0<x<2 58. h(x) = 7 if -5=x<2
£ if x>2 [4—x i x>2

You can also use what you have learned about transformations to transform functions that model
real-world data or phenomena.

FOOTBALL The path of a 60-yard punt can be modeled by gtx) = ~~—1}‘—5x2 + 4x + 1, where glx) is

the vertical distance in yards of the football from the ground and x is the horizontal distance
in yards such that x = 0 corresponds to the kicking team’s 20-yard line.

a. Describe the transformations of the parent function f(x) = x* used to graph g{x).
Rewrite the function so that it is in the form g(x) = a(x — k)2 + k by completing the square.

glx) = hl%xz +dx+1

I W
= 15(x 60x) -+ 1

Beal-WorldLink

The record for the longest punt in
NFL history is 98 yards, kicked by
Steve 0'Neal on September 21,
1969.

Source: National Foothall | eague

=12 1
= —o(x? — 60+ 900) + 1+ 7(900)  Compirs s s

= -wllT__)(x — 30)2 + 61 Wit RO R RIS s i sl

So, g(x) is the graph of f(x) translated 30 units right, compressed vertically, reflected in the
x-axis, and then translated 61 units up.

b. Suppose the punt was from the kicking team’s 30-yard line.
} Rewrite g{x) to reflect this change. Graph both functions on
| the same graphing calculator screen.

A change of position from the kicking team’s 20- to 30-yard '
line is a horizontal translation of 10 yards to the right, so \

f subtract an additional 10 yards from inside the squared
{ expression. [0, 100] scl; 1 by [0, 100] scl: 20
f

gx) = —ml%(x — 30 —10)? + 61 or g(x} = —Tlg(x ~ 40 + 61

6. ELECTRICITY The current in amps flowing through a DVD player is described by I(x) = 4 /%,
whete x is the power in watts and 11 is the resistance in ohms.

A. Describe the transformations of the parent function f(x) = +/x used to graph Iz).

B. The resistance of a lamp is 15 ohms. Write a function to describe the current flowing
through the lamp. ’

€. Graph the resistance for the DVD player and the lamp on the same graphing calculator
screen, :
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Another nonridgid transformation involves absolute value.

;eCohéept Transformations with Absolute Value

s ndi Ve Tranciormetions
yyu can check your graph of an
ansoliie value transformation by
LrsINg Your graphing calculaior.
youl can aiso graph hoth functions
g e same coordinate axes.

© gl = (x|

This transformation refiects any portion of the graph of f{x)
that is below the x-axis so that it is above the x-axs.

N

y

0
A
gln = Er‘(x)ll

Q
=

This transformation results in the portion of the graph of f{x)
{hat is to the ieft of the y-axis being replaced by a reflection

g(x = f{lx))

of tha poriion to the right of the y-axis.

y

',
c X
Ly
2N
0 X
glxd = {5
}

Use the graph of f(x) = x° — 4x in Figure

EIRV,;\ &

: (O 1x
S
TN

mx):xa_tlx

Figure 1.5.6

L)

gl) = |f G|

The graph of f(x) is below the x-axis on

the intervals (—oo, —2) and (0, 2}, s0
reflect those portions of the graphin

the x-axis and leave the rest unchanged.

k vl 14
1/ A -
WA ‘3
ol |/l_1x
g0d) = |f()]
| | |
wfPractice

b,

1.5.6 to graph each function.

hx) = fjxi)

Replace the graph of f(x) to the left of the
y-axis with a reflection of the graph to the

right of the y-axis.

-
=
I

iy

[
[~
i

Use the graph of f(x} shown to graph g(x) = |f(x}| and k(x} = FA(EY)

TA.

VI |
\
N B
e
'@““‘”M\Q X
x\“1‘1‘()()=3x5_4
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v
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(i = [2 - A]
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-7 10 4 |x
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Describe the following chavacteristics of the graph of each
parent function: domain, range, intercepts, symmetry,
continuity, end behaviot, and intervals on which the graph
is increasing/decreasing. i&xnijia 1

1. f(2) = [«] 2. f)=1 3. f(x)=2°
4. f(x) = x* 5 flx)=c 6. flx)=x
Use the graph of f(x) = +/x to graph each function, \Fomphe &
7. g(x) =vx—4 8 gx)=+vx+3
9 sx)=vx+6—4 10, g(x)=vx —7+3

Use the graph of f{x) = -}c—to graph each function. &
1. g =144 12 g =1-¢6

1 1
x—6 x+7

—4

13, ¢(x) = + 8 14, g(x) =

Describe how the graphs of f(x} = [x] and g(x) are related.
Then write an equation for glx). xavzle 3

15. 7 16, Y8
N o]
[e] P . X (8] X
|gba|l_L
Y
i7. ’_'iy 18, ¥
r.;l._
1ol
— g T —
o - x OH s+
¥
L T
¥

PROFIT An automobile company experienced an
" unexpected two-month delay on manufacturing of a new
car. The projected profit of the car sales before the delay
p{x) is shown below. Describe how the graph of p(x) and
the graph of a projection including the delay 4(x) are
related. Then write an equation for d(x). iZainple 3

" ¥

E 120

22 7

£ B 80 //

£ g0 | AN

e m = 10x% 2

& PX) =100 — 70x* +150x — 2

0 i I Il L1 I X

1 2 3 x
Menths After January
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Describe how the graphs of f(x) = |x| and g(x) are related,
Then write an equation for glx), = v i

20. YT 21, 17
l Q
gl b e L g
TN ANEEkEitdyg
} Y 7 d
4 o] [ 48 1% S Tof T ¥ 18
I N nd
77‘0 __,,____ID
T I
22, AY 23 0] y
(9] N 8
1 v
o I N
aH o) ST A
A NI
8 4 [0] |74 | Bx =8 =4 |07 4 | 8%
— 4
|
o 'ﬂ
1 T

Identify the parent function f(x) of g(x), and describe how
the graphs of g(x) and f(x) are related. Then graph f(x} and -
glx) on the same axes. (Exang

24, g(x) =3z — 4 25. ¢(x) =3Vx | 8

26. g =4 27. g(x) =2[x — 6]

28, g{x) = —5[x — 2] 20, g(x) = —2{x + 5|

31, g(x) = —ﬁ_\"‘;‘”

=1
30. g(x) = a7
Graph each function. (Lol 5

—xt i < -2
32 f(x) = 3 if 2=<x<7
(x—52+2 if x=7

x+4 if x< -6
if -6=<x<4
H x=4

3B gx) =

e
=

x< -5
¥ i 2xx=x?

Vvx+3 if x>3

|
|
|
|

34 ()=

35, k(x) = dx -3 if ~1=<x<3

VX if xz=4

2 if x<—4
3345 if ~1=x<l
fx] +1 if x=3

36. g(xy=

—3x -1 if x=-1
0b5x+5 if —1<x=<3
—Jx~5/+3 if x>3

7. f(x) =




38.

39

40.

pOSTAGE The cost of 2 first-class postage stamp in the U.S,
from 1988 to 2008 is shown in the table below. Use the
data to graph a step function. ks &

1988 25
1991 29
1985 32
1999 33
2001 34
2002 37
2006 39
2007 A
2008 42

RUSINESS A no-contract cell phone company charges a flat
-ate for daily access and $0.10 for each minute. The cost of
the plan can be modeled by c(x} = 1.99 + 0.1 [x], where x
is the nomber of minutes used. Seanijie & :

a. Describe the transformation(s) of the parent function
f{x) = [x] used to graph c(x).

h. The company offers another plan in which the daily
access rate is $2.49, and the per-minute rate is $0.05.
What function ¢(x) can be used to describe the second
plan?,

¢. Graph both functions on the same graphing calculator
screex,

d. Would the cost of the plans ever equal each other? If
go, at how many minutes?

GOLF The path of a drive can be modeled by the function
shown, where g(x) is the vertical distance in feet of the
ball from the ground and x is the horizontal distance in
feet such that x = 0 corresponds to the initial point.

y1] o) = 0.176x— 000042

g i

g [ AN

.‘QE ) N
g / \\
£

g V] \

100 200 300 400 X
Horizontai Distance (ft)

+ Describe the transformation(s) of the parent function
F6) = x* used to graph g(x).

- IFa second golfer hits a similar shot 30 feet farther
down the fairway from the first player, what function
i{x) can be used to describe the second golfer’s shot?

- Graph both golfers’ shots on the same graphing
caleuiator screen.

« Hboth golfers hit their shots at the same time, at what

Norizontal and vertical distances will the shots cross
pathg?

Use the graph of f(x) to graph g(x) = |f(x}] and h(x} = f([x]).

M. fz) =2 2. fy=vx—4
83, fx)=xt— 2 42 a4, f(x) = %x3 +24% -8 —2
45, f(x)=x£3+5 4. {(x)=vx+2 -6

47, TRANSPORVATION In New
York City, the standard cost
for taxi fare is shown. One
unit is equal to a distance
of 0.2 mile or a time of
60 seconds when the car
is not in motion.

it

!;20.40 per un

a. Write a greatest integer function f(x) that would
represent the cost for units of cab fare, where x > 0.
Round to the nearest unit.

#. Graph the fonction.

¢. How would the graph of f{x) change if the fare for the
first unit increased to $3.707 Graph the new function.

PHYSICS The potential energy in joules of a spring that

has been stretched or compressed is given by p(x) = %C—,

- 48

where ¢ is the spring constant and x is the distance from
the equilibrium position. When x is negative, the spring is
compressed, and when x is positive, the spring is

stretched.
Compressed Equilibrium Stretched

a. Describe the transformation(s) of the parent function
f(x) = x? used to graph p{x).

b. The graph of the potential energy for a second spring
passes through the point (3, 315). Find the spring
constant for the spring and write the fufiction for the
potential energy.

Write and graph the function with the given parent function
and characteristics,

flx) = %; expanded vertically by a factor of 2; translated

7 units to the left and 5 units up

50. f(x) = [x]; expanded vertically by a factor of 3; reflected in
the x-axis; translated 4 units down

PHYSICS The distance an object travels as a function of time
is given by f{f) = -;—atz + vyt + xp, where 4 is the
acceleration, v, is the initial velocity, and x, is the initial
position of the object. Describe the transformations of the
parent function f(t) = t* used to graph f(f) for each of the
following.

51, a=2,vy=2,x5=0 52, a:2,z30:0,‘x0:10

83, a=4,v,=8 xy=1 54, a=3,v,=5x=3
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Write an equation for each g{x).

14 (4, 3[ -] g |
QLT 1/
B ) Ea Bx -8 -4 /0\,\1(3 B,f)
- X Tt : —fld L8 EL):;?\
AL i g
EEmEL [°
57. [~ ' 58.
1 8 4 g({)J. a:l !: y )
44— -

B (i, 2Z§ 48 0 o
— — X X
- ) o

Fil
ExEREEE

59, SHOPPING The management of a new shopping mall
originally predicted that attendance in thousands would
follow f(x)= V7% for the first 60 days of operation, where
x is the number of days after opening and x = 1
corresponds with opening day. Write g(x) in terms of f(x)
for each situation below.

a. Attendance was consistently 12% higher than expected.

b. The opening was delayed 30 days due to construction.
¢, Attendance was consistently 450 less than expected.

Identify the parent function f(x) of g(x), and describe the
transformation of f{x) used to graph g{x).

60. 5 ¥ 61. Y J% |l
5 4 10| | 4 | 8x 43,5/ |
N | : j‘\
/ {—2, 5}l
l/ \\ L —8 -4 1ot | 4| SXJ(H
r—‘—'j: I _ Y = 0%
_12% g(f) i
| —8
R RN |
62 ] 63
STHET = BT
- R
\ i
=8 =4 0|\ ? 8x EDL Eéﬂ 50%
by =g N T =)
Wi ! 4, —5) r [
A IR el
Use f(x) to graph g{x). gt 0
64, o(x) = 025f(x) +4 X 4 . >
68, glx)=3f(x)—6 o] :
5 —4\|o] THe 8x
66. g(x) =f{x —5) +3 }M
67. g(x) = —2f(x) + 1 — 1
R

54 | Lesson 1-5 | Parent Functions and Transformations

Use f(x) = — 4 to graph each function.

8
Vv
68. g(x) =2f(x) +5
70. g(x) = f(dx) ~ 5

69. gix) = —3f(x} +6
og{x)=f2x+1)+8

72, :‘? MULTIPLE REPRESENTATIONS In this problem, you will
investigate operations with functions. Consider

o flx)=x*+2x+7,
e g{x)=4x+3,and
e h(x) = x% + 6x + 10.

a. TABULAR Copy and complete the table below for three
values for a.

b. VERBAL How are f(x), g(x}, and h(x) related?

c. ALGEBRAIC Prove the relationship from part b
algebraically.

73. ERROR ANALYSIS Danielie and Miranda are describing the
transformation g(x) = [x -+ 4]. Danielle says that the
graph is shifted 4 units to the left, while Miranda says
that the graph is shifted 4 units up. Is either of them
correct? Explain.

74. REASOMING Let f(x) be an odd function. If g(x) is a
reflection of f(x) in the x-axis and h(x) is a reflection of
g(x) in the y-axis, what is the relationship between f(x)
and h(x)? Explain.

75. WRITING IN MATH Explain why order is important when
transforming a function with reflections and translations.

REASOMING Determine whether the following statements are
sometimes, always, or nevet true. Explain your reasoning,.

76. If f(x) is an even function, then f(x) = Fiesl
77. If f{x) is an odd function, then f(—x) = — | f(x)}.
78. If f(x) is an even function, then f(—x) = — Fic3lE

CHALLENGE Describe the transformation of f(x) = +/x if

(-2, —6) lies on the curve.

80. REASONING Suppose (2, ) is a point on the graph of f(%).
Describe the difference between the transformations of
(1, b) when the graph of f(x) is expanded verticaliy by a
factor of 4 and when the graph of f(x) is compressed
horizontally by a factor of 4.

81. WRITING IN MATH Use words, graphs, tables, and equations

to relate parent functions and transformations. Show this
relationship through a specific example.

o




Use the grap
" pumerically. o

L85 g =

=+ Use the graph of each function fo e
* alues algebraically. Lo

iR

s B2,

Find the average rate of ¢

g2 glv)

oot px—3%1-1,3]
i2 8. f(x) =22
x X

SRS

88,

83, glx)=x"—6x+1;[48]

GOVERNMEN? The number o

below. What is the standard deviation of the data? :Lesson

2,0 0 7. 1, 0 12 1, 0, 10, 3,
7, 6, 29, 93, 13, 0, 12, 414, 44, 170, 42,
6 50, 37, 635, 250, 181, 21, 30, 43, 66, 31,

‘

LOTTERIES T a multi-state lottery, the play
numbered from 1 to 49 will be drawn. The order inw.
matter. The player must also guess which one of the re

drown. How many ways can the player complete a lottery ticket?

93. SAT/ACT The figure shows the graph of y = g(x),

which has a minimum located at (1, —2). What is the

maximum value of k{x) = ~3g(x) — 17

+
Ea

o,
82,
78,

YRYIENY!
CALE L
A /
2
t \ /
—2 ] 714 \x
172
o=y |
A D D 3
B 1 E Tt cannot be determined from the
information given.
9. REVIE ; drly’z
W What is the simplified form of -———7
()

hange of each function on the given interval. fosson1-4)

84, f(x) = -—22° —x? +x —41-2,3]

h of each function to describe its end behavior. Support the conjecture

stimate its y-intercept and zeto(s). Then find these

87. p(x) = 72
p(x} T
90.

1\ _ya

f times each of the first 42 presidents vetoed bills are listed

¢ 9
39, 44,
44, 25

95.

96.

er must guess which five of the white balls
hich the balls are drawn does not
d balls numbered from 1 to 42 will be

st (-1

2
What is the range of y = E—;—g-?

F{yiy++2v2}
G {yly=4r
H {yjy=0}
J lyly=0}

REVIEW What is the effect on the graph of y = kx? as k
.decreases from 3 to 2?
A Thegraphofy = 2x2 is a reflection of the graph of
y = 3x% across the y-axis.
B The graph is rotated 90° about the origin.
C The graph becomes narrower,
D The graph becomes wider.
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# Use a graphing calculator
1o solve nonlinear
inequalities.

ShudyTip

Adjusting the Window You can
use the ZoomFit or ZoomOut
options or manually adjust the
window to include both graphs.

56 | Lesson 1-5

Solve 2|x — 4] + 3 < 15.

] Separate this inequality into two

inequality symbol. Replace each side
with y to form the new inequalities.
2x— 4| +3 <Y Y, <15

Graph the inequalities in the
appropriate window. Either use the
zoom feature or adjust the window
manually to display both graphs.
Any window that shows the two
intersection points will work.

{5, 15] scl: 1 by [9, 20] scl: 1

A nonlinear inequality in one variabie can be solved graphically by converting it into two inequalities in
two variables and finding the intersection. You can use a graghing calculator to find this intersection.

inequalities, one for each side of the

3 Graph each inequality. Go to the left
of the equals sign and select
until the shaded {riangles flash to
make each inequality sign. The
triangle above represents greater than
and the triangle below represents less

than. For abs(, press [MATH](P] 1.

Flobl Fiakz FPlots
Bz Cabs E-42 2+

5

bt zELS
=
sMy=
“He=
wMg=

The darkly shaded area indicates the
intersection of the graphs and the
solution of the system of inequalities.
Use the intersection feature to find
that the two graphs intersect at

(-2, 15) and (10, 15).

Inttr‘:tcti-:-_
R — =]

4= V215 e

{—5, 15] scl: 1 by [0, 20] scl: 1

 The solution occurs in the region of the graph where —2 < x <10. Thus, the solution to
2jx — 4 + 3 < 15 is the set of x-values such that —2 < x < 10. Check your solution
algebraically by confirming that an x-valce in this interval is a solution of the inequality.

Exercises
Solve each inequality by graphing.

2. ~2x+4|+6=<2
4, —32x -3l +1<10
B [2x+1j=4x—3

1. 3x+2 —~4>8
3 52x+1]>15
5 |x—6]>x+2

Extension
7. REASONING Describe the appearance of the graph for an inequality with no solution. -

8. CHALLENGE Soive —10x — 32 < |x + 3| — 2 < —|x + 4] + 8 by graphing.



“You evaluated & o Perform operations  # In April 2008, the top social networking site, founded by '
functions. s i . with functions. Chris DeWalfe and Tom Anderson, had over 60.4 miflion
- unigue visitors. The number two site at that time had

% Find compositions of 24.9 miltion unique visitors, or 35.5 million fewer visitors.

fe fUNCioNs.
Suppose A{f) and B{t) mode! the number of unique
visitors to the number one and two sacial networking
sites, respectively, fyears since 2000, A(f) — B(t)
represents the difference in the number of unique
visitors between the two sites for fyears after 2000,

Operations with Functions just as you can combine two real numbers using addition,
sublraction, multiplication, and division, you can combine two functions.

HevVocabulary

composition

E«g@gcpntept Operatidns with Functions

Let fand g be two functions with intefsecting domalns. Then for all x-values in the intersaction, the sum, product, difference,
and quotient of fand g are new functions defined as follows.

Sum (f+ g)x) = flx) + ) Product  (f- )0 = fix) - gi¥)
Difference  {f— o)X = fix) — glx) Quotient (—g](x) = %’%, ai¥#0 ‘

For each new function, the domain consists of those values of x common to the domains of f
and g. The domain of the quotient function is further restricted by excluding any values that
make the denominator, g(x), zero.

Given f(x) = x? + 4x, g(x) = x + 2, and Jifx) = 3x — 5, find each function and its domain,

a (f+ 9k b, (f— I}
(f+ 9fx) =f(x) + 5(x) (f — ){x) = fx} - hix)
: = (2 + 40 + (Ve +2) = (7 + 42) — (3x — 5)
| =x% +dx +Vx + 2 =x’ +4x 32 +5
; ' = y2
' The domain of fis (—oo, 00), and the =xtx+5
domain of g is [-2, 00). So, the domain The domains of f and h are both (—o0, oc),
of (f + g) is the intersection of these so the domain of (f — k) is (—oo, v0).
domains or [~2, oc).
3; B
o (fe b d. (,f) @
(F - B)®) = @) - hix) ey ) g 355
| — (x2 + 4x)(3x — 5} (f) - ) X%+ Ax
a3 Bl Z
f - st 5x” + 12x% — 20x The domain of i and f are both (—oo, =0, but
1 = 3x% + 7x* - 20x x =0 orx = —4 yields a zero in the
: The domains of fand  are both (—ce, o), denominator of A} So, the domain of
i 50 the domain of (f + k) is (—oo, oo}, By
: (?) is (—o00, —4) U (4, 0) U (0, o).
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WatchOuil

Order of Composition In most
cases, ¢ o fand fo gare different
functicns. That is, composition of
functions is not commutative.
Maotice that the graphs of [fe glix}
=y —8x+ 17 and

[go flix) = ¥% — 3from
Example 2 are different.

: ]

[—10, 10} sck: 1 by
[—35, 15] s¢l: 1

faidedPractice
Find (f + g)(x), (f — g0, (f « 9x), and (é) (x} for each f{x) and g(x). State the domain of

each new function.

1A fx) =x —4,g(x) = V9 — 27 1B. f(x) = x* —6x — 8, g(x) = VX

GComposition of Functions The functiony = (x — 3)° combines the linear function
=y = x — 3 with the squaring function y = %2, but the combination does not involve addition,
subtraction, multiplication, or division. This combining of functions, called composition, is the
result of one function being used to evaluate a second function.

KeyGoncept Composition of Functions

The composition of function fwith function g
is defined by

ffo gl = gl )

1
The domain of f o gincludes all x-values In the ® %
domain of g that map to g{x-values in the X ‘{
domain of g as shown. S~ LT
L__/I g .
Domain of ¢ Domain of f
[fo gl = flglx] J

In the composition f o g, which is read as f composition g or fof g, the function g is applied first
and then f. :

i Given f(x) = 2* + 1and g(x) =x— 4, find each of the following.
;2 [f o gllx)

& [f o gl(x) = flg(] Halivithn or g
, = flx — 4) Hppdunn s i
= (-1 i
—x? - Bx+16+T1orx?—8x+17 SN

b. [g o f1x)

 Igeflw =slfwl il o -

=g(x® + 1) Bepinoy A w4
=2+ 1) —dorx?—3 s i e

c. [fogl@
Evaluate the expression [f o g1(x) you wrote in part a for x = 2.

I;A [)co g](l) = (2)2 —8(2) + 17 or 5 S 2 a e Ty i

;" GuivndPractice

| Tor each pair of functions, find [f o gl(x), [g o f1x), and {f o g1(3).

o @ =Bx 4 Lg) =5 22 2B, fx) =622 — 4, g(x) =x+2
i
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cho ILiS very lmpor‘%ant 0
ris rnp\e{F the domain analysis
tefore performing the composition.
[oraiin restrictions may not be
wyitienl after the composition is

mplified.

folute ¥alue Regal) from
o a1 0-4 that wha you find an
11001 of an gyen power and
s:: "sultis an gdg power, you
" u;:l jhc, the absolute value of the
e Ensure that the answer is
Megalive, Fyr example,
I =g

Because the domains of fand g in Example 2 include all real numbers, the domain of f = g is all real
numbers, R

When the domains of f or g are restricted, the domain of f o g is restricted to all x-values in the
domain of g whose range values, g(x), are in the domain of f.

Findfo g

a f(x) =~£~}_-i-, gl = x2—9

To find f o g, you must first be able to find g(x) = x? — 9, which can be done for all real
numbers. Then you must be able to evaluate f{x) =

T for each of these g(x)-values,
which can only be done when g(x} # —1. Excluding from the domain those values for which
x2 Qe -1, namely when x = 4V§ or 1+24/2, the domain of fogisix|x # iZ\/?Z_, xR}

Now find [f o g]{(x).
{feglx) = flglx)]
=f(x*—9)
1 1

= or
x2—94+1  x*-8

Notice that is undefined when x? ~ 8 = 0, which is when x = +2\/" 2. Because the
implied domam is the same as the domain deternnned by considering the domains of fand g,

for x4 V2

the composition can be written as [f o gl(x) =

h. fix) =2 - 2,8x)=vx—3
To find f o g, you must first be able to find g{x}, which can only be done for x = 3. Then
you must be able to square each of these g(x)-values and subiract 2, which can be done for
all real numbers. Therefore, the domain of f e gis {x | x = 3, x € R}, Now find [ o g]{x).
[f o g1 = flgtx)] i 5
:f(\/x—s) apdine s
= (Vx—3)2—2 A
=x—-3—2o0rx—5

Once the composition is simplified, it appears that the function is defined for all reals,
which is known to be untrue. Therefore, write the composition as [f o g](x) = x — 5 for

x=3
CHECK Use a graphing cakulator to check this result. Enter the it Fara—z
function asy = (V'x — 3)* — 2. The graph appears to be l /
part of the liney = x - 5 Then use the TRACE feature
to help determine that the domain of the composite ,—f’f
function begins at x = 3 and extends to co.
- f2-E
f—1, 8] sct: 1 by [—5, 5] scl: 1
i Practice
A, )=+ 1,500 =221 3B. f(x) =2, 8(0) =% +x

An important skill in calculus is to be able to decompose a function into two simpler functions.
To decompose a function k, find two functions with a composition of k.
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Beal-WorliiCareer

Computer Animater

Animators work in many
industries fo create the animated
images used in movies, television,
and video gamss. Cemputer
animators must he artistic,

and most have received
post-secondary training at
spectalized schools.

)
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Find two functions fand g such that h(x) = [f ¢ gl(x). Neither function may be the identity
function f(x) = x.

a. hix)=vx*—4

Observe that k is defined using the square root of x® — 4,50 one way towtite fias 2
composition of two functions is to let g(x) = x> — 4 and f(x) = vx. Then

hixy = Va® — 4 = y/g(x}y = flg(x) or [f o gl(x)-

h. A(x) = 2x% -+ 20x + 50
T{x) = 2x* + 20x + 50
=2(x2 + 10x +25) or 2(x + 52 1

One way to write si(x) as a composition is to let f(x) = 2x* and g(x) = x + 5.
h(x) = 20x + 5)2 = 2[g(x)]* = flg(0)] or [f o gl{x).

itPraciice

A h(x)=x2—2x+1 4B. h(x):xi7

You can use the composition of functions to solve real-world problems.

COMPUTER ANIMATION To animate the approach of an opponent directly in front of a
player, a computer game animator starts with an image of a 20-pixel by 60-pixel rectangle.
The animator then increases each dimension of the rectangle by 15 pixels per second.

a. Find functions to model the data.

The length L of the rectangle increases at a rate of 15 pixels per second, so L(f) = 20 + 15¢,
where t is the time in seconds and f = 0. The area of the rectangle is its length L times its
width. The width is 40 pixels more than its length or L + 40. So, the area of the rectangle is
‘ A(L) = L{L + 40) or L? + 40L and L = 20.

b. Find A o L. What does this function represent?

Ao L= A[LD] Vet
= A(20 + 15¢) '
= (20 4 158)% + 40(20 -+ 15t)
= 225¢% + 1200¢ + 1200

This composite function models the area of the rectangle as a function of time.

¢. How long does it take for the rectangle to triple its original size?

The initial area of the rectangle is 20 - 60 or 1200 pixels. The rectangie will be three times its
original size when [A o Lj(f) = 225¢2 4 1200t + 1200 = 3600. Solve for t to find that ¢ =~ 1.55
or —6.88. Because a negative i-value is not part of the domain of L{#), it is also not part of
the domain of the composite function. The area will triple after about 1.55 seconds.

saPraclice

5. BUSINESS A computer store offers a 15% discount to college students on the purchase of
any notebook computer. The store also advertises $100 coupons.
A. Find functions to model the data.
B. Find [c o d](x) and [d o ¢](x). What does each composite function represent?

C. Which composition of the coupon and discount results in the lower price? Explain.




Find (4 96, (f— D, (F+ (), ant (5o for each £

and glx). State the domain of each new function. “xwmie 1

1 f=x"+4 2. fx)=8—x°
s =VE glx)=x-3
3, f)=x"+5x+6 4 fixy=x-9
gy =x 42 gx)=x+5
5,;(1):x2+x ﬁ.f(x)zxﬁ7
glay=9x glxy=x+7
7. [ =% 8 f)=7%
gy =x" +x g =32
9. f) == 10, fr)=2
glx) =4Vx g(x) = x*
M fy=vx+8 12, f()=vVx+6
g =Vr+5-3 gy =vVi— 14

13. BUDGETING Suppose a budget in dollars for one person for
one month is approximated by f(x) = 25x + 350 and
glx) = 15x + 200, where fis the cost of rent and groceries,
4 is the cost of gas and all other expenses, and x = 1
represents the total cost at the end of the first week.

a. Find {f + 2)(x) and the relevant domain.
b. What does (f + g)(x) represent?
¢ Find (f -+ g){4). What does this value represent?

14. PHYSICS Two different forces act on an object being
pushed across a floor: the force of the person pushing the
object and the force of friction. If W is work in joules, F is
foree in newtons, and d is displacement of the object in
meters, Wy(d) = F,d describes the work of the person and
i‘\{,‘{d) = Ffd describes the work done by friction. The
increase in kinetic energy of the object is the difference
between the work done by the person W, and the work
done by friction V\6r IRGHIERRE
a. Find (W, — W, )(@).

B. Determine the net work expended when a person
Pushes a box 50 meters with a force of 95 newtons
and friction exerts a force of 55 newtons.

[F o 0}(06%1) pair of functions, find [f o gl(x), [g o f1(x), and
e ulle). AT

15. ‘f'}(x’) =2r -3 16, f(x) = —2x* — Bx + 1
o) = dx . g g{x) = —5x + 6
17, {T(\) = 82—- x2 18, f(x) = x>~ 16
R =xt gy 4 gy =x*+7x 411
18, fixy=3 —x2

20 f(x) =2+ x*

§=x 41 o) = —x°

Find fo g iianpic 5

21. flx) = }%T 22. f(x) = x—f—s
glx) =x2—4 2x) = x>+ 6

23 f)=vVx+4 4 fr)=x2-9
glx)=x%—4 g(x) =+x+3

2. f()=32 B, f)=—1
glx) =v6—x gX)=vVx+8

27. fx)=vx 15 28 f(x)=vx 2
g(x) =3 +4x — 1 g =x2+8

RELATIVETY In the theory of relativity,

m(v) = —i2 = where cis the speed of light,

13
CZ
300 million meters per second, and m is the mass of a

100-kilogram object at speed o in meters per second.

(S

VN

'a. Are there any restrictions on the domain of the
function? Explain their meaning,

b. Find m(10), (10,000), and m(1,000,000).
€. Describe the behavior of m(v) as v approaches c.
d. Decompose the function into two separate functions.

Find two functions fand g such that ilx) = [f o gl(x). Neither
function ma/y be the identity function f(x) = x. i 4

30, h(x)=\VaAx +2+7 3, h(x)z?é—~8

+5
32, h(x) = [4x + 8/ — 9 33, h(x) = [-3(x — 9)]
34, hix) = i =3 35, h(x) = (VT + 4)3
_ .8 _ 8
36. h(x)= Y 37, h{x)= Y
44+ x

30, hix) =-*+3_

3B, hx) =L o

40. QUANTUM MECHANICS The wavelength X of a particle with
mass i kilograms moving at v meters per second is

represented by A = %, where # is a constant equal to
6.626 « 1073%,

a. Find a function to represent the wavelength of a
25-kilogram object as a function of its speed.

b. Are there any restrictions on the domain of the
function? Explain their meaning,

C. If the object is traveling 8 meters per second, find the
wavelength in terms of 1.

d. Decompose the function into two separate functons.
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41, JOBS A salesperson for an insurance agency is paid an
annual salary plus a bonus of 4% of sales made over
300,000. Let f{x) = x — 306,000 and h(x) = 0.04x, where x
is total sales. sl
a. If x is greater than 300,000, is the bonus represented

by f[h(x}] or by k[ f(x}]? Explain your reasoning.
b. Determine the amount of bonus for one year with
sales of 450,000.

42, TRAVEL An airplane flying above a landing strip at
275 miles per hour passes a control tower 0.3 mile
below at time # = 0 hours. Dauspi iy

0.5

a. Find the distance d between the airplane and the
control tower as a function of the horizontal distance
h from the control tower to the plane.

b. Find # as a function of ime ¢.
¢. Find d o h. What does this function represent?

d. If the plane continued to fly the same distance from
the ground, how far would the plane be from the
conttrol tower after 10 minutes?

Find two functions f and g such that s(x) = [f o gl(x}. Neither
function may be the identity function f(x) = x.

3. W) =Vr 1% 4. hx) =VE 16 +2
45, hi{x) = ! 48, h{x}=+v-7x + 9%
a1 h(x) = 2 + 42 48. h(x) = —_+ S

Use the given information to find £(0.5), f(—6), and f(x 4 1).
Round to the nearest tenth if necessary.

49. f(x)

50. £(x) + g(x) =

gl =2t x—6,gx)=x+4

2,1 1 =
x* * x Slg(x}
51, g(x) — f(x)+—§-:9x2+4x, glr) =4

vz

1822 + -, gy = V1~ x

52. g(x) = f(x) —

Find [f o g o hl{x).

B fm=x+8 54, flx) =22 —2
g(x) = x*—6 glx) =5x 412
hx) =vVx + 3 hix) =Vx — 4

B5. f(x)=vx+5 56, f(x) =2
gx)=x%-3 gy =x* —4x + 1
h(x):% Hx)=x + 2

57, If f{x) = x + 2, find g(x) such that:
a (fro@=x>+x+6

s o=t

58. If f(x) = V4x, find g(x) such that:
a. [fogl(x) = J6x]
[g o fi{x) =200x + 25

58, If f(x) = 4x7 find g(x) such that:

a (f9@=x
b, (f- g)(x) = 5

B60. INTEREST An investment account earns interest
compounded quarterly. If x doliars are invested in an
account, the investment I{(x} after one quarter is the
initial investment plus accrued interest or I{x) = 1.016x,

a, Find[IoI}{x),[[olcl](x),and[IoIelo I}x).
B What do the compositions represent?
¢. Whatis the account’s annual percentage yield?

Use the graphs of f(x) and glx) V[T ]
to find each function value. 4 N
\ L{(X)
WYY,
—8 11 4 Bx
a@ v
F2Th 4
61. (f+2)2) 62. (f—g)(—6)
8. (f+ 90 & (1) (-2
65. [fogl(~4) 66. g /1(6)

67. CHEMISTRY The average speed v{m) of gas molecules
at 30°C in meters per second can be represented by

(24.9435)(303)

o) = - , where m is the molar mass of

the gas in kilograms per mole,

a. Are there any restrictions on the domain of the
function? Explain thefr meaning.

b. Find the average speed of 145 kilograms per mole gas
molecules at 30°C.

¢. How will the average speed change as the molar mass
of gas increases?

d. Decompose the function into two separate functions.

Find functions fr & and ki such that a{x) = [f o g o AJ(x).

68. a(x)=(x—7 + 4y 69. a(x) =4/(x-5)*+8

.. 3 ' - 4
70, a(x) = 3 id 71, a(x) T
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for each pair of functions, findfogandgef.
73, f(x) ="+ 8x 3

fay=x"— 645

72,
)= Vird+3 gy =vx 419 — 4
ofr) = Vi + 22 g =V9—x?
6
6. flx}=—5 _84x 7. flx) = 2+ 1
4
:{M‘Six 80 =5
Graph each of the following.
K Vi
glx)
)‘r ~
: Ed
ax—]l] [#)N - X
~y ﬁh(m_
» N
K
8. ([ + h)x) 79, (h—f)x)

80, (f +g)x)

8. (h+ g)(x)

82. : MULTIPLE REPRESENTATIONS Tn this problem, you will
investigate inverses of functions.

a.

ALGEBRAIC Find the composition of f with ¢ and of g
with f for each pair of functions.

4x =

X &%

VERBAL Describe the relationship between the
camposition of each pair of functions.

GRAPHICAL Graph each pair of functions on the
ccordinate plane. Graph the line of reflection by
finding the midpoint of the segment between
corresponding points,

VERBAL Make a conjecture about the line of reflection
between the functions.

ANALYTICAL The compositions [ fo gl(x) and [g o £](x)
are equivalent to which parent function?

ANALYTICAL Find &(x) for each f(x) such that
fogln) =[gof]) =x.

L fay=x—6
i flg =2
L flay = 5
W fla) = 2x - 3
Vol =a8 4

State the domain of each composite function.

o
X
717
~J AL
—5/N4 [0 X
) _4}- -
o0 %8{ 3] /1]
T

83. [fog](x)
85. [ho f](x)

84. [gofI(x)
86. [ o g)(x)

AEASONING Determine whether [f o gl(x} is even, odd, neither,
or not enough tiformation for each of the following.

87. fand g are odd.

88. fand g are even.
89. fisevenand gisodd.
90. fis odd and g is even,

CHALLENGE Find a function f other than f{x} = x such that the
following are true. ‘

81. [feofllx)=x 92. [fefoflx) =f(x)

93. WRITING IN MATH Explain how f(x) might have a domain
restriction while [ f = g](x) might not. Provide an example
to justify your reasoning,

94. REASONING Determine whether the following statement is
frue or false. Bxplain your reasoning,

If f is a square ool function and g is a quadratic function, then
f o g is always a linear funciion.

¥} CHALLENGE State the domain of [ fa g o #](x) for
fx) = Th5 860 = VE+ T, and by = £,

96. WRITING IN MAT# Describe how you would find the
domain of [ f = g](x).

4 3 |
f{X} =YX — 1
g =5 hvu&f?ﬁ
T T
\ B

"3 | X

Lot

97. WRITING IN MATH Explain why order is important when
finding the composition of two functions.

Foss i 63 %)




8. FINANCIAL LITERACY The cost of labor for servicing cars at B & B Automotive is
displayed in the advertisement. e |5
a. Graph the function that describes the cost for x hours of labor.
b. Graph the function that would show a $25 additional charge if you decide to
also get the oil changed and fluids checked.

¢. What would be the cost of servicing a car that required 3.45 hours of labor if
the owner requested to have the oil changed and the fluids checked?

% B&B
. AUTOMOTIVE SERVICE
$50 per hour

Each fraction of an houris ¢
| considered a full hour

Approximate to the nearest hundredth the relative or absolute extrema of each function.
State the x-values where they occur. (e B5

99. f(x) = 2x% — 3x* + 4 100. g(x) = —x* 4+ 5x — 3 101 f(x) =xt+ 2% -2

Approximate the real zeros of each function for the given interval. 1ot 2

2 2
102, o(x) = 225 — 264 — dx? — 1;[~1,3] 108, fx) = =35 [-3,3 104 o) = ==L 11,5
89 x (1,3 108 () =12 [-3,3] g0 = =721 11, 5]

105. SPORTS The table shows the leading home run and runs batted in totals in the
American League for 2004-2008. [Lazon 11}

2005 ; 2006 { 2007 ; 2008
48 54 54 48
148 137 156 146

Source: World Aimanac

a. Make a graph of the data with home runs on the horizontal axis and runs batted in on
the vertical axis.

b, Identify the domain and range.

¢. Does the graph represent a function? Explain your reasoning,

106. SAT/ACT A jar contains only red, green, and blue 107. 1f g(x) = x% + 9x -+ 21 and h(x) = 2(x — 5)*, then
marbles. It is three times as likely that you randomly hlg(x)] =
pick a red marble as a green marble, and five times as F xt 4 1843 4 11322 + 288x + 256

likely that you pick a green one as a biue one. Which

4 3 2
could be the number of marbles in the jar? G 20* + 36x” + 226x" + 576 + 512

H 3x* + 543 4 339x2 + 864x - 768

A 39 C 41 E 63
B 40 D 4 J dxt 4 72x% 4 45207 + 1152x + 1024
*108. FREE RESPONSE The change in temperature of a substance in degrees Celsius \_I V] 5
as a function of time for 0 <t < 8is shown in the graph. ' {2& JAY |
a. This graph represents a function. Explain why. 10 / \\ /
b. State the domain and range. st E|?l
¢, If the initial ternperature is 25°C, what is the approximate T [/ H
temperature of the substance at £ = 77 ’“,10 /
| -
d. Analyze the graph for symmelry and zeros. Determine if the function '—‘20 - N |

is even, odd, or neither.
Is the function continuous at ¢ = 27 Explain.
Determine the irtervals on which the function s increasing or decreasing.

. Estimate the average rate of change for {2, 5].

TR -~ @

. What is the significance of your answers to parts f and g in the context of the situation?

N
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% you found the
composition of two
functions.

wincahilary
inverse relation

inverse function
nne-lp-one

.
L

& Find inverse functions
& algebraically and

Use the horizontal  ®  The Band Boosters at Julia's high school are selling raffle
line test to determine tickets. Table A relates the cost in dollars to the number of
inverse functions. tickets purchased. Table B relates the number of tickets
that can be purchased to the number of dollars spent. By
interchanging the input and output from Table A, Jutia

. obiains Table B.
graphically.

r

&% nverse Funetions The relation shown in Table A is the inverse relation of the relation
shown in Table B. Inverse relations exist if and only if one relation contains (b, 4) whenever
the other relation contains {z, b). When a relation is expressed as an equation, its inverse relation
can be found by interchanging the independent and dependent variables. Consider the following,
Inverse Relation

x=y?—4dory’=x+4

Relation

y=x"—4

] A A

i1

G
2| o y= = s =] 0 | 2
-1 -3 7 -3 | —1
0 | —4 o X —4 10

Vo o 1/

1 -3 & ™ o -3 1
2 | 0 Ry Eﬁ: X+ 4 0 | 2
3 | 5 W L 5 | 3

Notice that these inverse relations are reflections of each other in the line y = x. This relationship is
true for the graphs of all relations and their inverse relations. We are most interested in functions
with inverse relations that are also functions. If the inverse relation of a function f is also a function,
then it is called the inverse function of f and is denoted f~7, read f inverse.

Not all functions have inverse functions. In the graph above, notice that the original relation is a
function because it passes the vertical line test. But its inverse relation fails this test, so it isnot a
function. The reflective relationship between the graph of a function and its inverse relation leads
us to the foliowing graphical test for determining whether the inverse function of a function exists.

Go_ncept_ Horizontal Line Test

Words Afunction fhas an inverse function £--1if and only ¥y
if each horizontal line Intersects the graph of the
function In at most one point.
Model
Example Since no horizontz! line intersects the graph of 7 o / X
more than once, the inverss function 1 exists.




\‘ -
WWatoh N . . . : .
atchlut! >! Graph each function using a graphing calculator, and apply the horizontal line test fo
Horizental Line Test When using r | determine whether its inverse function exists. Write yes or #no. |

a graphing calculator, closely

examina places where it appears a. f ) =|x— 1|
that the functicn may fail the | The graph of f(x) in Figure 1.7.1 shows that it is possible to find a horizontal line that
horizontal fine test. Use Zoom In-1 intersects the graph of f(x) more than once. Therefore, you can conclude that f~* does

and Zoom Out features, or
adjust the window to be sure.
i

not exist.

b gl =25 —6x'+12x — 8

| The graph of g(x) in Figure 1.7.2 shows that it is not possible to find a horizontal line
‘ {hat intersects the graph of g(x) in more than one point. Therefore, you can conclude
that g~ exists.

; }5‘:“7!’-; e ] 7,{ __/__ -

[—4, 6] sol: 1 by [—2, 8] scl: 1 [—4, 6 scl; 1 by [—5, 5] scl: 1
Figure 1.7.1 Figure 1,7.2
anddadPraciice
1 hx) =2 1B. f(x)=x2 +5v—7

72 Find Inverse Functions If a function passes the horizontal line test, then it is said to be

. £ one-to-one, because no x-value is matched with more than one y-value and no y-value is
ReadingMath matched with more than one x-value.
inverse Function Notation The If a function fis one-to-one, it has an inverse function = such that the domain of fis equal to the
symbol ~1{x) shouid not be range of {1, and the range of f is equal to the domain of f .
confused with the reciprocal ]
function ?1;(— if fis a function, the Domain of f i~ Range of f
b
symbol £~ can only be g \C;
interpreted as finverse of x.
()
100 N
Range of -1 Domain of £

To find an inverse function algebraicaily, follow the steps below.

WeyConcepl Finding an Inverse Function

Determine whether the function has an inverse by checking to see if it is one-to-one using the horizontal ine test,

T In the equation for f{x), replace f{x) witr: y and then interchange xand .

Solve for y and then replace ywith f~1{x) in the new equation.

State any restrictions on the domain of £=7. Then show that the domain of f1s equal o the range of /1 and the
range of fis equal the domain of 7T, . [

The last step implies that only part of the function you find algebraically may be the inverse
function of f, Therefore, be sure to analyze the domain of f when finding L
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eadingMath

sortible Fonclions A function
at has an inversa function Is
idf to be fnvertibie.

N

Determine whether fhas an inverse function. If it does, find the inverse function and state

any restrictions on its domain.

b =5

The graph of f shown passes the horizontal fine test.
Therefore, fis a one-to-one function and has an inverse
function. From the graph, you can see that fhas domain
{(—o0, —2) U (—2, co) and range (—oo, 1) U (1, c0). Now
find /1.

f(x) = i; ; Dbt dane o
—x=1 Resprhia (5
y_x+2 Gephiate 4
X = %;—; Siteinhrin v il e
xy.{.gx:y#l Py casly i | li sy
XY —y= —2x —1 i s e
y(x — ]_) = —2x -1 Lzl o e
— *2:(_1 ','-I‘--'i:i i
y= x—1 T
Fx) = _*fx__;ll Roghi p il £ 400 Hobs that £ .

From the graph at the right, you can see that f~! has
domain (—ee, 1) U (1, o0) and range (~eo, -2} U (-2, o),
The domain and range of f are equal to the range and
domain of {7, respectively. So, f~1(x) = ——xzj—i“Tl
forx 5 1.

b, fx) =vx—4

The graph of f shown passes the horizontal line test.
Therefore, fis a one-to-one function and has an inverse
function. From the graph, you can see that f has domain
[4, oo} and range [0, o). Now find f-1,

fo)=Vx—4

Sitaal fenicliog

¥=vx—4 Depne fxy el
X =y —4 Biidinag 2 onl
=y—4 e e sid
y=x+4 s fin v
Flay =2+ 4 Repbses ol 00

From the graph of ¥ = x% + 4 shown, you can see that the
inverse relation has domain (oo, 00) and range [4, o).
By restricting the domain of the inverse relation to [0, oc)
the domain and range of f are equal to the range and
domain of f-1, respectively. So, f~1(x) = x* + 4, for x = 0.

4

Practice
2A. f(x) = —16 + x©

2. fl) =217

@Gonned‘é‘[}'..r;‘ééfQW-ﬁin',coﬁE 67 LYl
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[

[—10, 10] sck: 1 by [-10, 10] sci: 1

—

[—10, 167 sck: 1 by [~10, 10] sck: 1

[—5, 15) scl: 1 by {—10, 10} scl: 1

[—10, 10] sck: 1 by [-5, 15] scl: 1

2C. f(x) = V2% — 20

I




; ShadyTip

R Inverse Functions The
biconditional statement “if and
only if" in the definition of inverse
functions maans that if gis the
inverse of f, then it is also true

that fis the inverse of g.

e —

——
StudyTip

Inverse Functions and Extrema

A continuous function has an
inverse function if and only if it

has no local maxima or minima. If
the function does have a local
maximum or minimum, then Gwill
not pass the horizontal ling test,

and is not a one-to-one function.

™~

An inverse function f—1 has the effect of “undoing” the action of a fumction f. For this reason, inverse

functions can also be defined in terms of fheir composition with each other.

KayConcept Compositions of Inverse Functions

Two functions, fand g, are inverse functions if and cnly if
e flolx) = xfor svery xin the domain of g{x) and
o glfx)] = xfar every xin the domain of fx).

L

Notice that the composition of a function with its inverse function is always the identity function.
You can use this fact to verify that two functions are inverse functions of each other.

¥
i
!
i
]
i

Show that f(x) = x—EE and g{x) = % + 4 are inverse functions.

Show that f{g(x)] = x and that LX) ==
#lgon = (2 +4) st =g(25+ 4]
=t =B 4
[F+)-4 =
:iorx =x-4+4dorx

.

Because f[g(x)] = gL fx)] = , flx) and g(x} ave inverse functions.
This is supported graphically because f(x) and g{x) appear to be

reflections of each other in the line y = x. I

iziPractice \

Show that f and g ave inverse functions.

3A, flx) =18 —~3x,g(x) =6 —‘g-

11516, 15.16] scl: 1 by 10, 10] scl: 1
3B. fix) = %% +10,x 2 0; g(x) = Va — 10

The inverse functions of most one-to-one functions are often difficult to find algebraically.

However, it is possible to graph the inverse function by reflecting the graph of the original function

in the line y = x.

Use the graph of f(x) in Figure 1.7.3 to graph )

Graph the line y = x. Locate a few points on the graph of f(x). Reflect these pointsin y = . Then
= x {Figure 1.7.4).

connect them with a smooth curve that mirrors the curvature of f(x) in line y

y=1"x)

1

-'(-—_____._.
-
[ m— A KN

[
L[

]

|

§

| T EEEN
» I L

| My =1 L

i .

1

!

;

%

Figure 1.7.3 Figure 1.7.4
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Heal-WorldLink

From 1989 ta 2006, the number of
18- 1o 19-year-olds in the United
»lates who had summer jobs
deceeased from 48% to 37%.

Source: 145, Bureaw of L abor Statistics
R -/

Use the graph of each function to graph its inverse function.
44, W 11 ‘ 4B, [ 1y
AR 0
I
—40
[] X } Il'_' g (%
—20 A
AN
O 204060 |x
}L i .

SUMMER EARNINGS Kendra earns $8 an hour, works at least 40 hours per week, and receives
overtime pay at 1.5 times her regular hourly rate for any time over 40 hours. Her total
-earnings f(x) for a week in which she worked x hours is given by f(x) = 320 + 12(x — 40).

a. Explain why the inverse function f~{x) exists.
Then find f~(x).

The function simplifies to f(x} = 320 + 12x — 480
or 12x — 160. The graph of f(x) passes the ¥
horizontal line test. Therefore, f{x) is a one-to-
one function and has an inverse function. /!

Find f~1(x).
flx) =12x — 160
y=12x — 160
x =12y — 160
x + 160 = 12y

x4 160 0 X
= 2160 W 40 60 80

Time (h)

Earnings (%)
N

x+ 160

i) =

b. What do f~1(x) and x represent in the inverse function?

In the inverse function, x represents Kendra's earnings for a particular week and f~1(x)
represents the number of hours Kendra worked that week,

¢. What restrictions, if any, should be placed on the demain of f(x) and f~'(x)? Explain.

The function f(x) assumes that Kendra works at least 40 hours in a week. There are 7 - 24 or
168 hours in a week, so the domain of f(x) is [40, 168]. Because f(40) = 320 and f(168) = 1856,
the range of f{(x) is [320, 1856]. Because the range of f(x) must equal the domain of

1), the domain of f~1(x) is [320, 1856].

d. Find the number of hours Kendra worked last week if her earnings were $380.

_ 380 + 160

Because f~1(380) = 75— Or 45, Kendra worked 45 hours last week.

o Practice

5. SAVINGS Solada’s net pay is 65% of her gross pay, and she budgets $600 per month for living
| expenses. She estimates that she can save 20% of her remaining money, so her one-month
| savings f(x) for a gross pay of x dollars is given by f(x) = 0.2(0.65x - 600).

A. Explain why the inverse function f~1{x) exists. Then find f~*(x).

B. What do f~1(x) and x represent in the inverse function?

C. What restrictions, if any, should be placed on the domains of f{x) and f~}{x)? Explain.
B. Determine Solada’s gross pay for one month if her savings for that month were $120.
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Graph each function using a graphing calculator, and apply
the horizontal line test to determine whether its inverse
function exists. Write yes or ro. iF civple 1

1. flxy=x*+6x+9 2. flx) = x* — 16x + 64
3. f(x) =« —10x + 25 4. f(x)=23x—8

5. f(x)=V2x 6. flx)=4

7. f)=Vx+4 8, flxy=—4x2+8

6. fix)=—2 10. fir) =2

1, flx)=x>-9 12, f(x)= ;i—xa

Determine whether each function has an inverse function. If
it does, find the inverse function and state any restrictions
on its domain. {fzampia T

13, g(x) = —3x* + 6o —x 14 f(x) = 4x° — 8x*
15, hix) = %" +2x3 — 1062 16, fx)=x+8

17. f(x) = V6 —x* 18. f(x) = |x — 6}
10, f) = 433 20, g =32
6 _ 7
21, flx) = Ny 22, g(x)= Newns
2. fl) =2 24. h(x):%i_—%

25, g(x) = |x + 1] + |x — 4]

26. SPEED The speed of an object in kilometers per hour y is
y = 1.6x, where x is the speed of the object in miles per
hour. (Erample 2

a. Find an equation for the inverse of the function. What ‘

does each variable represent?

b. Graph each equation on the same coordinate plane.

Show algebraically that f and g are inverse functions.
sl 3

27, flx) = —6x +3 28, flx)=4x+9

gy =372 g0 =137

2
29, flx) =322 +5x=0 30. f(x):xz—i-B,xEU

g(x}z1/5gx g(%) =V - 32
3
2

3. flx) =2~ 6

o = §/2L6

33 g(x)=vVx+8—4

fle)=x2+8x+8x=—4

32. f(x) = (x +8)

2
gx)=x*-8,x=0

M. ogx)=vx—-8+5

fox) =22~ 10x+33,x =5

+4 x—6

35, f{x) 3}'—x—— 36. f(x) ﬂm
4 2x+ 6

gln) =2 gy =32
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PHYSICS The kinetic energy of an object in motion in .

joules can be described by f(x) = 0.5mx?, where m is the
mass of the object in kilograms and x is the speed of the
object in meters per second. iFuui

a. Find the inverse of the function. What does each
variable represent?

b. Show that f(x) and the function you found in part a are
inverses.

¢. Graph f{x) and f~1(x) on the same graphing caiculator
screen if the mass of the object is 1 kilogram.

Use the graph of each function to graph its inverse
function, Cxampio 4

a8, Ty 39 Y
] 0
/
4 a1
T4 0] | 4 ox ~—8—40/1515x
—d —4 .
| ,_J\__ | —
=19 Ly et
7] AN
40 RYJ 4t. I [
M= Ammu
4 ”\§ Loty = gl
] NAL
“5 T4 [of | 4 | 8x 0| | 4 | 8x
. —4 —_ |
! |
1 i
-8 —8
[ L ]
42, B AREN 43. ]
_y_=f(x}
— 4 j—.- = ,,4 I
P iV
=% =4 0] | 4 | 8x g =4 0|4 4 E|3x
—4 i'AN
5 Ly =00
T . AENEN

44. JOBS Jamie sells shoes at a department store after school.
Her base salary each week is $140, and she earns a 10%
commission on each pair of shoes that she sefls. Her total
earnings f(x) for a week in which she sold x dollars worth
of shoes is f(x) = 140 + 0.1x. (Exanyie i)

a. Explain why the inverse function f~}(x) exists.
Then find f~*(x).

b. What do f~(x) and x represent in the inverse function?

¢. What restrictions, if any, should be placed on the
domaing of f{x) and f~1(x)? Explair.

d. Find Jamie’s total sales last week if her earnings for
that week were $220.




cunpENGY The average exchange rate from Euros to U.5.
dollars for a recent four-month period can be described
by f(x) = 0- 66x, where x is the currency value in

45.

Furos.

a Explain why the inverse function f~1(x) exists. Then
find £~}

h, What do f1(x) and x represent in the inverse function?

. What restrictions, if any, should be placed on the
domains of f(x) and f~(x)? Explain.

d. What is the value in Euros of 100 U.S. dollars?

[etermine whether each function has an inverse function.

46. q:.JJQIA a1. gl
T ANBU
j N\ .
-8 77—\4 ol [ 4]] 8x -5 -4 1G] [ 4 | 8x
P ]
I I P —
e | ] °
T 49

48 | #-B Y ’B 5" \
AR 4|t
SN /
-8 W/{ 9] 4 | Bx -8 {10 el Bx
| Cab L a
| j” I4 .y ] 11)4
et N 78

Determine if £~ exists. If so, complete a table for f~%.

50.
-1 3 i 10
3 3 9 13
a1,
-1 0 1 2
8 10 1 16
52,
3 4 5 6
16 54 27 16
53,
-8 ~7 —B -5
6 5 4 3
59

+ TEMPERATURE The formula flx) = 2% + 32is used to
sonverty degrees Celsius to degrees Fahrenheit. To
tonvert x degrees Fahrenheit to Kelvin, the formula
K = 3(x + 459.67) s used,

3. Find /— . ‘
\ Find f~1. What does this function represent?

Show that

. fand f~* are inverse functions. Graph each

l nction on the same graphing calculator screen.
"inc [k o £](x).What does this function represent?

lt{’ the temperature is 60°C, what would the
“Mperature be in Kelvin?

Restrict the domain of each function so that the resulting
function is one-to-one. Then determine the inverse of the
function.

56.
I* -L_WQ x+9||——4L
1|ﬁ :\’ 8% 0
3‘\ TN X
Wi M
fomerbt- 4 \ i a// \\
\ N
. X Tsi}t
=7 o] | 4 [\g 77 AN
L8 700 =~ 52 -
57. k| Y 58. vl
NSy 8
__4 - \N
‘Y X iV
8 —4a\o| 4] 8% N 4
| ! A7 W, 4 0] [x
| i
1 = . S —
i W =x'—6 7R = X+ 51—

State the domain and range of fand f~%, if f " exists.
59, f{x): V-6 60, fx)=x>+9 =
61, fx) = 3x+1 62 fx)= 8x+3

63. ENVIRONMENT Once an endangered species, the bald eagle
was downlisted to threatened status in 1995. The table
shows the number of nesting pairs each year.

1984 1757
1890 3035
1994 4448
1998 5748
2000 8471
2005 7066

a. Use the table to approximate a linear function that
relates the number of nesting pairs to the year, Let 0
represent 1984.

b. Find the inverse of the function you generated in
part a. What does each variable represent?

¢. Using the inverse function, in approximately what
year was the number of nesting pairs 50947

64. FLOWERS Bonny needs to purchase 75 flower stems for
banquet decorations. She can choose between lilies and
hydrangea, which cost $5.00 per stem and $3.50 per stem,
respectively.

a. Write a function for the total cost of the flowers.

b. Find the inverse of the cost function. What does each
variable represent?

¢. Find the domain of the cost function and its inverse.

H the total cost for the flowers was $307.50, how many
lilies did Bonny purchase?
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Find an equation for the inverse of each functien, if it exists.
Then graph the equations on the same coordinate plane.
Include any domain restrictions.

2 n
A_ ¥ if —4=x
65. f<x)‘{-—2x+5 i —A<x

[—dx+6 if —5zx
86. f(x)‘{ x—8 if —5<x

67. ELOW RATE The flow rate of a gas is the volume of gas

that passes through an area during a given period of time.

The speed v of air flowing through a vent can be found
using v(r) = i, where 7 is the flow rate in cubic feet per

second and A is the cross-sectional area of the ventin
square feet.

a. TFind v~} of the vent shown. What does this function
represen’t?

b, Determine the speed of air flowing through the ventin
fect per second if the flow rate is 15,000 feet cubed
per second.

¢. Determine the gas flow rate of a circular vent that has

a diameter of 5 feet with a gas stream that is moving at
1.8 feet per second.

8. COMMUNICATION A cellular phone company is having a
sale as shown. Assume that the $50 rebate is given only
after the 10% discount is given.

Central Mobhile
Cell Phone Sale
10% off new phones
$50 rebate with
proof of purchase

0 B

a. Write a function r for the price of the phone as a
function of the original price if only the rebate applies.

b. Write a function 4 for the price of the phone as a
function of the original price if only the discount
applies.

c. Find a formula for T(x) = [r o d](x) if both the discount
and the rebate apply.

d. Find T~! and explain what the inverse represents.

e. If the total cost of the phone after the discount and
the rebate was $49, what was the original price of
the phone?

Use f(x} = 8x —4and g(x) = 2x + 6 to find each of the
following,. :

689. [f1og 1)
. [fegl™l®)
73. (f-8)7 )

70 [g7" o f1()
72, [gof17x)
74 (f1-g7H)
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Use f(x) = x* + 1 with domain [0, oo} and g(x) = vVx —4 to
find each of the following.

75. [f~1og (%)
77. [fogl ™) 78. [go /1700
79. (f-g7 () 80. (f-g)x)

gi. COPIES Karen's Copies charges users $0.40 for every
minute or part of a minute to use their computer scanner.
Suppose you use the scanner for x minutes, where x is
any real number greater than 0.

a. Sketch the graph of the function, C(x), that gives the
cost of using the scanner for x minutes.

76. [g7" o f1Ha)

h. What are the domain and range of C(x)?

¢. Sketch the graph of the inverse of C{x).

d. What are the domain and range of the inverse?

o. What real-world situation is modeled by the inverse?

82, ;ﬁ'ﬂ MULTIPLE REPRESENTATIONS In this problem, you will
investigate inverses of even and odd functions.

a. GRAPHICAL Skeich the graphs of three different even
functions. Do the graphs pass the horizontal iine test?

b, ANALYTICAL What pattern can you discern regarding
the inverses of even functons? Confirm or deny the
pattern algebraically.

c. GRAPHICAL Sketch the graphs of three different odd
functions. Do the graphs pass the horizontal line test?

d. ANALYTICAL What pattern can you discern regarding
the inverses of odd functions? Confirm or deny the
pattern algebraically.

REASOMING I f has an inverse and a zero at 6, what can
you determine about the graphof f~1?

84. WRITING iN MATH Explain what type of restriction on the
domain is needed to determine the inverse of a quadratic
function and why a restriction is needed. Provide an
example.

85, REASCMING True or False. Explain your reasoning.
All linear functions have inverse functions.

86. CHALLENGE If f(x) = x® — ax + 8and f1(23) = 3, find the
value of .

87. REASONING Can f(x) pass the horizontal line test
when ?}LIIDIO fx)="0and xl_iflw flx) = 07 Explain.

88. REASONMNG Why is + not used when finding the inverse
function of f(x) = Vx + 47

89, WRITING 1 MATH Explain how an inverse of f can exist.
Cive an example provided that the domain of fis
restricted and f does not have an inverse when the
domain is unrestricted.




r each pair of functions, find fogandg o f. Then state the domain of each composite
L

f'o

function. il
00027 -8 91. f(x) =%x -7 : 92 flx)=x—4
st o) =%+ 6 o) = 32

Lise the graph of the given parent function to describe the graph of each related

functon. Goreniion
. 94. f(x) = x° 9. fla) = x|

sk =027 a. glx) = [x% + 3| a. glx) = |2x|

b 60 = e 5)" =2 b. hix) = —(2x)° b. h(x) = |x — 5|
o, i) =346 c. m(x) = 0.75(x + 1)° ¢ mix) =|3x] -4

96, ADVERTISING A newspaper surveyed companies on the annual amount of money spent on
television. commercials and the estimated number of people who rementber seeing those
commercials each week. A soft-drink manufacturer spends $40.1 million a year and
estimates 78.6 million people remember the commercials. For a package-delivery service,
the budget is $22.9 million for 21.9 million people. A telecommunications company reaches
88.9 million people by spending $154.9 million. Use a matrix to represent these data.

Sulve each system of equations. ;i o

Pov+2y+3z2=5 98.7x+5y+z=0 9. x—3z=7
v+ 2y —22=-13 —x+3y+2z=16 2x+y—2z=11
w3y —z=-11 X—6y—z=-18 ~x — 2y 49z =13

100. BASEBALL A batter pops up the ball. Suppose the ball was 3.5 feet above the ground
when he hit it straight up with an initial velocity of 80 feet per second. The function
{t) = 80t — 16t% + 3.5 gives the ball’s height above the ground in feet as a function
of time £ in seconds. Fow long did the catcher have to get into position to catch the
ball after it was hit? e 0o

101. SAT/ACT What is the probability that the spinner will 103. Which of the following is the invese of f(x) = ¥ =57
land on a number that is either even or greater than 57 2% +5
A gx)=2t5
Jx 45
avA b s -2
vv C gx)=2x+5
D g(x) = ZX:;— 5
Al c Ll E 2
6 2 6 104. REVIEW A train travels d miles in ¢ kours and arrives
B % D 2 at its destination 3 hours late. At what average speed,
3 in miles per hour, should the train have gone in order
102, REU‘IEW [t and n are both odd natural numbers, fo have arrived on time?
which of the foliowing must be true? F -3
Lom? g n?ig even. g =3
d
m? 1+ w2 i divisible by 4. d
M Gm + n)? is divisible by 4. N3
F none H Tand O only ] % -3
. G Tonly J Tand Hf only
.\‘_‘____‘*"-A'—--»—
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Study Guide

{_.,.%%;;y@gnggmg %@Wg{;gmga B %
Functions leoson b compaosition [ 50 fine symmetry w14
e Common subsets of the real numbers are integers, rational numbers, consfant [+ i maximum . iy

irvational numbers, whole numbers, and natural numbers. continueus function v 1 minimum i 0

« Afunction Fis a relation that assigns each element in the domain
exactly one element in the range.

e The graph of a function passes the vertical line test.

Analyzing Graphs of Functions and Relations 1~ 1 2
e Graphs may be symmetric with respect to the y-axis, the x-axis, and
the origin.

e An even function is symmetric with respect to the y-axis. An odd
function is symmetric with respect to the origin.

Continuity, End Behavior, and Limits rcwoa 1-3:

e [fthe value of f{x) approaches a unique value L as x approaches ¢
from either side, then the limit of f{x) as xapproaches clis L lt1s
written J!i_rycf(x) =L

» f function may be discontinuous because of infinite discontinuity, jump

discontinuity, or removable discontinuity.

Extrema and Average Rate of Change .

= Afunction can be described as increasing, decteasing, or constant.

e Extrema of a function include relative maxima and minima and
absolute maxima and minima.

¢ The average rate of change between two points can be representeg by

(X)) — fix,)
Mgge = f—X;—T‘
Parent Funciions and Transformations a0 1%

Transformations of parent functions include translations, reflections, and
dilations.

Operations with and Compesition of Functions i eacoi 14

The sum, difference, product, quotient, and composition of two functions
form new functions.

Inverse Relations and Functions iesun -

e Two relations are inverse relations if and only if one relation contains
ihe glement (b, 8) whenever the other relation contains the element
{a b).

+ Two functions, fand f—1, are inverse functions if and only if
I 1)) = xand F1[AX)} = x.
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decreasing function 1. o

nonremovable discontinuity v

ditation i i odd function i 17
discontinuous function . .4 ong-to-one . i
end behavior i parent function . 4%

even function ;. %

piecewise-defined function :; =

extrema 1 point symmetry 11 16
function v 7 reflection . -1
increasing 1. 0 roots i 15

interval notation 1 & translation . 4™
inverse function . &5 zevo function i 4%
inverse relation i & ZRrOS i, i

limit o o4

= ]

s ”g@h@@{ e e e s ]

State whether each sentence is frue or fafse. If false, replace the
underlined torm to make a true sentence.

1. A function assigns every element of its domain to exactly one

element of its range.

2. Graphs that have point symmgiry can be rotated 180° with respect to

a point and appear unchanged,

3. An pdd function has a point of symmetry.
4. The graph of a continuous function has no breaks or holes.

5. The limit of a graph describes approaching a value without

necessarily ever reaching it.

6. A function f{x) with values that decrease as x increases is a

dacreasing function.

7. The extrema of a function can inciude relative maxima or minima.

8. The transietion of a graph produces a mirror image of the graph with

respect to a line.

9. A ong-to-one function passes the horizontal line test,

10. One-to-one functions have lina symmetry.




Lesson-by-Lesson Review

i

ctermine whether each refation represents y as a function of x.

D

. ax—2y=18 12. P —x=4

13. 14. v
r‘/k S —
/
N o | X|
\.\ // ]

Let f{x) = x2 — 3x 4 4, Find each function value.

15. #(5) 16. f(—3x)

State the domain of each function.
17, #x) =5x2 = 17x+1 18. g(x) =+v6x—3

5 X
19. fa) = 20, v(x) =
) a+5 W x2—4

Determine whether y2 — & = xreprasents y as a function of x.

Solve for y.

yF—8=x.
P=x+8
y=tVx+8

This equation does not represent y as a function of x because for any
x-value greater than —8, there will be twe correspanding y-values.

Let g(x) = —3x2 + x — 6. Find g(2).

Substitute 2 for xin the expression —3x? + x — 6.
g2y = —3(2+2 -6 vl

= 12 42—6or—16 SHEIEII

Use the graph of g to find the domain and range of each function.

2t ] 2 [T y
Ly | | [¢] X
y=g(§Rﬁ L
1 |
4] Bx N I
y=al AR
\
# ¥

Find tha y-intercept(s) and zeros for each function.

B =4x—9
4. fix
25, iy
%. £

Use the graph of fx) = x® — 8x? + 12xto find its
J-intercept and zeros. Then find these values algebraically.

Estimate Graphically TTT %n ¥
It appears that f(x) Hlx) = 6 — B2 12x
intersects the y-axis at ' SGN
(0, 0), s the y-intercept is 0. NA
The x-intercepts appear to be —8 =4 10 \ 4] 8x
atabout 0, 2, and 6, i,
1
Solve Algebraically s —E¢ MAY.

Find £{0).
F(O) = (08 — B{0)° + 120 or 0
The wintercapt is 0.

Factor the related equation.
X% — 8x+12y=0
X(x — B}x — 2} =

The zeros of fare G, 6, and 2.

s
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27, fl) =¥ -3 x=4.
28. f{x)=V2X—4;x:10

X oy _
29, f(x)zm,xm_ﬂandxm7

X
=t x=2andx=4
. =77

k-1 i x<1,
31, fx) = o if xz1¥

the graph of each function.

2. y T T 1] 3
] 4_R 4 1 Bx
)Y
i

=1

petermine whether each function is continuous at the given
yvalue(s): Justify using the continuity test. If discontinuous, identify

e type of discontinuity as infinite, jump, ot removable.

Use the graph of each function to describe its end behavior.

¥

L
]

yse the graph of each function to estimate intervals to the nearest
0.5 unit on which the function is increasing, decreasing,
Then estimate to the nearest 0.5 unit, and classify the extrema for

or constant.

interval.
6. fX) =X+ +10,2
['—5: 3]

7. fix) = X2+ 2x+5;

34, Qj 2 | 3. 7% oty
:: \\j \‘4
T \
S o X —4 -2 [l 2 | 4x
T TS
L 4
] Cre® B
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Find the average rate of change of each functien on the given

Determine whether f(x) = }71_—4 is continbous at x=0and x= 4. |
Justify your answer using the continuity test. If discontinuous,
identify the type of discontinuity as infinite, fump, ot removable.

f(0) = —0.25, 50 fis defined at 0. The function values suggest that as
faets closer to —0.25 x gets closer to 0.

—0.01 Q
—0249 | —025

0.0 0.1
—0.251 | —0.256

Because lim f{x) is estimated to be —0.25 and f(0) = —0.25, we can 1

X
conclude that f(x) is continuous at x = C.
Because fis not defined at 4, fis not continuous at 4.

¥
Use the graph of f(x) = ]
—2x* — 5x + 1 to describe =5 —4 [pf | 4 | 8x
its end behavior. ] 4 \1

f

Examine the graph of fx). 1 ll
As x — oo, fiX) — —o0, I
A8 X — —00, flX) — —o00. T Ty 7

Use the graph of £{x) = x° — 4x to estimate intervals to the
nearest 0.5 unit on which the function is increasing, decreasing, of
constant, Then estimate to the nearest 0.5 unit and classify the
extrema for the graph of each function.

From the graph, we can estimate
that f is Increasing on (—oe, —1),
decreasing on {—1, 1),

and Increasing on (1, oo},

L QBT

We can estimate that fhas a
relative maximum at (—1, 3) and
a refative minimum &t (1, —3).

[ <




Identify the parent function F(x) of g(x), and describe how the graphs

af glx) and f(x) are related. Then graph f(x) and g{(x} on the same

AXES.

38, gl =Vx—3+2 39, g =——6°%—5

40. gix) :m 4. glx) :—}M +3

Descrine how the graphs of f(x} = /% and g{x) are related. Then

write an equation for gix),

T3

a2. [ il 43. [ &y
‘ =TT

K

“‘:__:g &

o
o
Wl

[ 1 ¥

gix). State the domain of each new function.

M. ) =x+3 45, f(x) =4x% -1
glx) =2x* 4 4x— 6 gix) = 5x — 1
B i =xS-2nP 15 AL f=1
glx) = 4x” — 3 gy = 1
X

For each pair of functions, find [f o g](x), [g o F1(x), and
{fo gy2).

B M) = ax— 11, g = 2x2 — 8
O =k 2t Bg=x—5
P ) = x® - 3+ 45 gl = x2

Hndfog‘

51, fpy = 1
(X}—m 52, flx)=vx—2
ol =2x _§ glx) = bx—7

Find {f 4 g)(x), (F— g){x), (= g)(x), and (—;)(x) for each f{x) and

dentify the parent function f{x) of g(x} = —|x— 3| + 7, and
describe how the graphs of g(x) and f(x) are related. Then graph :
f(x) and g{x) on the same axes.

The parent function for g(x) is f(x) = {x|. The graph of g will be the
same as the graph of freflected in the x-axis, translated 3 units fo the
right, and translated 7 units up. ‘ -

¥y BEL

8

i
(o]
iy

- |0
BY
5’4‘-‘-
HH\
i
<[
@
+
~-J

S

oo

Given f(x) = x® — 1 and g(x) = x + 7, find (f+ g){x),
{f— g}(x), (f - g)x), and (é)(x}. State the domain of each new
function.
(F+ @) = ) + glx)
==+ x+7)
=x 4 Xx+6
The domain of (f 4 g)(x) is (—oo, o0).
(f— 9)x) = 1x) - glx)
===+
=x3-x—8
The domain of (f — g}{x) is {—oo, o).
{f- g)x) = flx) - gix)
=3 -+ 7)
=xt 787

The domain of {f+ g)(x) is {—o0, o0).

o _ 0 X1
(E)(X) g T

The domain of (zg—)(x) i D = (00, —7) U (=7, o).
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Graph each function using a graphing calcutator, and apply the
horizontal line test to determine whether its inverse function exists.
Write yes or no.

53, f(r)=x +6 54, flx) =
5B, f(x) = ”}"J?;_e 56. #(x) = x3 — 4x2

Find the inverse function and state any restrictions on the domain.

57. f(X) =x-2 58, gl = —4x+8
59. Alx) = 2\/x+ 80. f(x) = xi 5

Find the inverse function of f(x)
restrictions on its domain.

= +/X — 3 and state any

Note that Fhas domain [0, oc} and range [—3, oc). Now find the
inverse relation of 7

y=~x—3
Xx=-/y—-3
X+ 3=y
(+3)7=y T

The domain of ¥ = (x + 3} does nat equal the range of funless
restricted 10 [3, o). So, F=1(¥) = {x + 8)? for x = —3.

‘Applications and Problem Seolving

61. CELL PHONES Basic Mobile offers a cel! phone plan that charges
$39.99 per month. Incluted in the plan are 500 daytime minutes
that can be used Monday through Friday between 7 an. and 7 P.a.
Users are charged $0.20 per minute for every daytime minute over
500 used. oo
a. Write a function p(x) for the cost of a month of service dufing
which you use x daytime minutes.

b. How much will you be charged if you use 450 daytime minutes?
550 daytime minutes?

¢. Graph p(x).

62. AUTOMOBILES The fuel ecunomy for ahybrld car at various
highway speeds is shown.

E— 60
250
2= 40
j2r] g T
hr-+) 30
=1
= ]
45 50 55 60 65 70 75
Speed (mi/h)

a. Approximately what is the fuel economy for the car when
fraveling 50 miles per hour?

b, At approximately what speed will the car’s fuei economy be less
than 40 miles per gallon?

63. SALARIES After working for a company for five years, Ms. Washer
was given a promotion. She is now eaming $1500 per month mare
than her pravious salary. Will a function modeling her monthly
income be a continuous function? Explain. . e o
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64. BASEBALL The table shows the number of home runs by
a baseball player in each of the first 5 years he played
professionafiy. tasun @&

2005 { 2006 | 2007 ] 2008

36 23 42 42

a. Explain why 2006 represents a relative minlmum.

h. Suppose the average rate of change of home runs between
2008 and 2011 is 5 kome runs per year. How many home runs
were there in 20117

c. Suppose the average rate of change of home runs between

2007 and 2012 is negative, Compare the number of horme runs
in 2007 and 2012.

65. PHYSICS A slone is tnrown harizontally from the top
of a cliff. The velogity of the stone measured in meters
pet second after ¢seconds can he modeled by
v(t) = —\/(9.81)% + 49.The speed of the stone is the absoiute
value of its velomty Draw a graph of the stone’s speed during the
first 6 seconds. Y

66. FINANGIAL LITERACY A department store advertises $10 off the
price of any pair of jeans. How much wilt a pair of jeans cost if the
original price is $55 and there is 8.5% sales tax? ilaason b

67. MEASUREMENT One mch is approximately equal to
2,54 centimeters. -

a. Write a function A( )’that will convert the area x of a rectangle
from square inches 1o square centimeters.

b. Write a function A‘f (x) that will convert the area x of & rectangle _
from square centimeters io square inches. :




netermine whether the given relation represents y as a function of x.

1oa=yios 2 L

R/

4. ARKING The cost of parking a car downtown is $0.75 per 30
minutes for a maximuem of $4.50. Parking is charged per second.

a. Write a furction for £{x), the cost of parking a car for
xhours.

b. Find ¢(2.5).
¢. What is the demain for of{x)? Explain your reasoning.

Slale the domain and range of each function.

5. i i_ _8 ¥ /f; 6. 8 ¥
e st
pAEE =
—B”Y:l D 4 | 8x —3 |—4 |0 4 | 8x
) -4
\ _ |
! |
—- -8 -8
R i
Flnd he j-intercept(s) and zeros for each function.
7o =4x? —gx— 12 8 fxy=x%+4x? 4 3x

8 MULTIPLE CHOYCE Which relation is symmetric with respect to the
X-Gxis?
A —’XZ — =2
B r\’ay =8
C ¥= |X;
D —y2= gy

Deternu L
etermine whethgr each function is continuous at x = 3. If

discontinyoyg identi : - P
; th
emovable, fy the type of discontinuity as infinite, Jump, or
10 1y :{ 2x i x<3
S—xii x=3

U Al = X3

x2 g
Find th
s G]E average rate of change for each function on the interval
12 1(x) =

=ty 3k 13, fn) =+vx+3

Use the graph of each function to estimate intervals to the nearest 0.5
unit on which the function is increasing or decreasing.

14. [ 15, YT &
ol/ \
/ T
~ /13
| \ 0 X
¥ ¥

16, MULTIPLE CHGICE Which function is shown in the graph?

o4 4
Q
///
4
. A
No
— X
0

[==]

Ffx)=|x—-4-3
G fx)=|x—4+3
H fix)=|x+4 -3
J = |x+ 443

identify the parent function f(x} of g(x). Then sketch the graph of g(x).
17. gl = —(x+ 3° 18. g(¥) = |x* — 4

Given f{x) = x — 6 and g(x) = x* — 36, find each function and its
domain.

1. (Ef)(x) 20. [go fi(x)

21. TEMPERATURE In most countries, temperature is measured in
degrees Celsius, The eguation that relates degrees Fahrenheit with
degrees Celsius js F = %C + 32,

a. Write Cas a function of .

b. Find two functions fand gsuch that € = [fo g](F).

Determine whether fhas an Inverse function, If it does, find the inverse
function and state any restrictions on its domain.

2. fix) = (x— 2)° 23, f(y=2E g
24, ) =4 —x 25, f(x) = x*— 16
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